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Abstract 

For any finite group G we define tlie moduli space of pointed admissible G-covers and the 
concept of a G-equivariant cohomological field theory (G-CohFT), which, when G is the 
trivial group, reduce to the moduli space of stable curves and a cohomological field theory 
(CohFT), respectively. We prove that taking the "quotient" by G reduces a G-CohFT to a 
CohFT. We also prove that a G-CohFT contains a G-Frobenius algebra, a G-equivariant 
generalization of a Frobenius algebra, and that the "quotient" by G agrees with the obvious 
Probenius algebra structure on the space of G-invariants, after rescaling the metric. We 
then introduce the moduli space of G-stable maps into a smooth, projective variety X 
with G action. Gromov-Witten-like invariants of these spaces provide the primary source 
of examples of G-CohFTs. Finally, we explain how these constructions generalize (and 
unify) the Chen-Ruan orbifold Gromov-Witten invariants of [^/G] as well as the ring 
H'(X,G) of Fantechi and Gottsche. 

1. Introduction 



The purpose of this paper is to introduce a generalization of Kontsevich and Manin's notion 
of a cohomological field theory (or CohFT) |KM94j . in the presence of a finite group G, which 
we call a G-equivariant cohomological field theory (or G-CohFT). Examples of (usual) CohFTs 
include the Gromov-Witten invariants of a smooth, projective variety (cf. fMa99 ) and the r-spin 
CohFT |JKV01l IPVOll IP02j . A G-CohFT provides a framework for studying the physical procedure 
of orbifolding |K 311021 IKaun.SL IMonij . as weh as a structure for understanding both Chen-Ruan 
orbifold Gromov-Witten invariants of global quotients by a finite group |CROO[ ICR021 IAGV02j and 
the non-commutative ring structure of Fantechi and Gottsche |FG03j . We now describe in some 
detail the motivation for studying G-CohFTs. 

The first motivation comes from topological field theory. Recall that a Frobenius algebra 
is a finite-dimensional, commutative, associative, unital algebra with an invariant metric. It can 
be regarded as a two-dimensional topological field theory, in the sense of Atiyah-Segal, associated 
to a cobordism category of two (real) dimensional, compact, oriented surfaces with boundary. A 
CohFT is a generalization of the above, but where the role of the cobordism category is replaced 
by {Hri^g^n)} for all r, where ^g^n is the moduli space of stable curves of genus g with n marked 
points. By specializing to r = 0, one finds that the state space of the theory recovers the structure 
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of a Frobenius algebra. 

For every finite group G Turaev |T99j introduced a G-equivariant topological field theory (which 
he called a homotopy field theory) whose state space is a (non-projective) G- Frobenius algebra 
associated to a cobordism category of principal G-bundles over two (real) dimensional, compact, 
oriented surfaces with boundary. A (non-projective) G-Frobenius algebra (borrowing terminology 
from |Kau021 lKau03j ) is a finite-dimensional, G-graded G-module with a G-equivariant associative 
multiplication, metric, and unit, and whose multiplication is braided commutative, satisfying an 
additional genus-one compatibility condition (called the trace axiom). By braided commutative we 
mean that the multiplication commutes with the action of the generator of the braid group which 
acts on tensor products of G-graded G-modules. If G is the trivial group, then a G-Frobenius algebra 
is a Frobenius algebra. Furthermore, the space of G-invariants of a G-Frobenius algebra inherits 
the structure of a Frobenius algebra graded by G, the set of conjugacy classes of G. Kaufmann 
|Kaun2| IKauO.Sj considered a generalization of the above construction which allowed for projective 
factors. 

This procedure of restricting to the space of invariants can be interpreted as a kind of orbifolding 
procedure from physics |Kau021 IKau03l IMoOlj where the subspace of Jlf graded by 1 in G is called 
the untwisted sector, and the subspaces graded by nontrivial elements in G are called twisted sectors. 

Question 1. Is there a generalization of a CohFT, called a G-CohFT, where ^g^n is replaced by 

Q Q 

another moduli space ^ g^ni such that for all r, the collection {Hr{^g „)} endows the state space 
of the theory with an algebraic structure whose specialization to r = induces the structure of 
a G-Frobenius algebra on J^? A G-CohFT should also have the property that when G is the trivial 
group, a G-CohFT reduces to a CohFT. Furthermore, by performing the correct "quotient" by G, 
the space of G-invariants Jif should inherit the structure of a CohFT graded by G. 
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Q 

From Hq{^ g .^) 



/G 
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Figure 1: Schematic of Question where each box contains an algebraic structure and the 
responsible homology group, the horizontal arrows are restrictions, and the vertical arrows are 
"quotients" by G. When G is the trivial group, the two rows coincide. 



The second motivation for studying G-CohFTs comes from orbifold Gromov-Witten invariants 
and is about how to construct certain examples of G-CohFTs associated to a smooth, projective 
variety X with an action of a finite group G. 

Consider the G-graded G-module Jif{X) := ^^^^-^ H'{X"^), where denotes the fixed- 
point set in X of m, and let J^{X) denote its space of G-invariants. Chen and Ruan |(yRnn| 
ICR02j introduced the notion of Gromov-Witten invariants for orbifolds, which, when applied to 
the global quotient [X/G], has a state space isomorphic to ,J^{X). An algebro-geometric version 
of this theory was introduced by |AGV02j . The key geometric object in these constructions was 
-^g,n{[X/G]), the moduli space of orbifold stable maps into the quotient [X/G]. The state space 
r^{X) of this theory is graded by G, and the Gromov-Witten invariants are expected to yield 
a CohFT associated to each [X/G]. An important special case arises by considering only those 
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contributions from 0), the moduli of orbifold stable maps which have degree zero. 

This endows J^{X) with the structure of a Frobenius algebra graded by G, called variously stringy 
orbifold cohomology, Chen-Ruan cohomology, or just orbifold cohomology of [X/G]. 

When G is a trivial group, ^g^n{[X/G]) reduces to the usual moduli space of stable 

maps into X, and the Gromov-Witten invariants of X make H*{X) into a CohFT. Restricting to 
contributions from ^g^„([X/G], 0) alone, one obtains the usual cohomology ring of X, which is 

a Frobenius algebra. "Forgetting" the stable map yields a morphism ^ g^n for all 

stable pairs {g,n), which is an isomorphism when X is a point. 

Fantechi and Gottsche |FG03j were able to obtain the structure of the Chen-Ruan orbifold 
cohomology on ,J^{X) by first introducing a certain ring structure with metric on J^{X) and then 
taking G-invariants. In fact, their ring satisfies all of the axioms of a G-Frobenius algebra except, 
possibly, the trace axiom. However, their construction is not obviously part of a larger structure 
and does not explicitly involve the moduli space of orbifold stable maps. 

Question 2. For any smooth, projective variety X with a G-action, does there exist a moduh 

Q 

space „(X) of a G-equivariant version of stable maps such that "forgetting" the map yields a 

Q Q 

morphism ^ g,^{X) ^ stable pairs {g,n)? This map should be an isomorphism when 

X is a point. 

Q 

There should also exist G-equivariant Gromov-Witten invariants associated to which 

yield a G-CohFT with state space J^{X), generalizing the usual construction when G is the trivial 

group. Furthermore, by taking the appropriate "quotient" by G, one should recover the orbifold 

Gromov-Witten invariants of[X/G] as in ) CRO(A KJR02\ V02jj with associated state space M'{X). 



Finally, by considering only those contributions from the moduli ^ g ^{X,0) of stable maps of 
degree zero, one should be able to recover the G-Frobenius algebra structure in \FG03}j and prove 
that the trace axiom must hold. 
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Figure 2: Schematic of Question where each box contains an algebraic structure and the 
relevant moduli space, F-G denotes Fantechi-Gottsche, C-R denotes Chen-Ruan, the horizontal 
arrows denote restriction, and the vertical arrows denote taking "quotients" by G. 

This paper provides affirmative answers to both of these questions. 

Q 

The first part of this paper is devoted to answering the first question. We introduce ^ g^n^ the 
moduli space of n-pointed admissible G-covers of genus g. Roughly speaking, it consists of a tuple 

{E — G;pi, . . . ,pn), where E and G are (at worst, nodal) curves, {C,pi, . . . ,pn) is a stable 
curve of genus g, where pi are points in E and pi := 7r(pj), and vr maps nodes of E to nodes of G. 
Furthermore, we require that, away from vr~^(pj) and nodes, E is a principal G-bundle; however, 
E is allowed to have ramification over the marked points and nodes. Our construction differs from 
the stack of admissible covers in (ACVOS] , as we require the additional data of pi in E over each 
marked point pi in C. 
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By forgetting the data associated to the G-cover, one obtains a morphism st : „ ^g,n, 

Q 

where ^g^n is the moduh space of stable curves. We prove that „ is a smooth, DeHgne-Mumford 

Q 

stack, flat, proper, and quasi-finite (but not representable) over ^/^g^Yi- Furthermore, ^yM g ^ has an 
action of the symmetric group Sn by permuting the ordering of the marked points, and it has an 

Q 

action of G" by translation of the marked points. In fact, -y^ g^n admits an action of the braid group 
which factors through the Sn and G" actions. 

The collection possesses gluing morphisms, provided that the monodromies of the two 

marked points to be glued together are inverses of one another. These gluing morphisms are equiv- 

Q 

ariant under the action of Sn and G". One may regard the collection as a G-equivariant 

colored modular operad, where the coloring is by elements of G. Furthermore, the morphism st 
respects the Sn actions and the gluing morphisms. 

A G-CohFT is defined analogously to a CohFT, but where the role of ^ g^n is replaced by 

Q 

^ gn^ and where G-equivariance is maintained throughout the construction. We prove that there 
is an external tensor product and a (usual) tensor product associated to equivariant CohFTs. We 
then define the correct notion of taking a "quotient" by G and prove that this procedure has 
the desired properties. The procedure of taking quotients involves an intermediate step on the 
stack ^ g^ni^G) of stable maps into the classifying stack (i.e., the stack of admissible covers 
without the additional points pi). We show that in this intermediate step the stack ^ g^n{^G) can 

be replaced by the quotient „/G"], but that the resulting "quotient" CohFTs are isomorphic. 
The last part of this paper will treat the second question. We introduce the moduli space of G- 

Q 

stable maps ^^ ^(X) and describe the G-equivariant Gromov-Witten invariants. By restricting to 

Q 

contributions from ^g ,^(X, 0) alone, we prove that the state space M'{X) inherits a G-Frobenius 
algebra structure which agrees with that from |FG03j . and in particular that the trace axiom 
holds for their ring. The proof consists of relating the virtual fundamental class to an analogous 
cohomology class in their construction. 

The details of the construction of a G-CohFT for general equivariant Gromov-Witten invariants, 
properties of potential functions, and applications to higher spin curves will be explored elsewhere 

HE]. 

The Gromov-Witten invariants of orbifolds which are global quotients of a variety by a finite 
group are particularly interesting in light of the results of Costello jCos03j which state that the 
Gromov-Witten invariants of a smooth, projective variety X of arbitrary genus are determined by 
the genus zero Gromov-Witten invariants of the orbifolds [X"" / Sn\ where Sn is the symmetric group 
acting upon X" by permuting its factors. We expect that our generalization of jFG03j to higher 
degree stable maps will be useful in calculating these invariants. 

Finally, we observe that orbifolding plays an important role in mirror symmetry, in certain 
Landau-Ginzburg theories (see, for example, [UoKa99, Ma9Q]), and in conformal field theory. In 
particular, there are related notions of orbifolding which appear in the context of vertex algebras (see, 
for example, ' Kin2|lF'Sn3j ). Furthermore, a variant of our moduli spaces is used in the announcement 
|Kir03 of the construction of a modular functor associated to a finite group, and this can be regarded 
as an example of an orbifold conformal field theory. It would be enlightening to further clarify the 
relationship between these notions. 

Q 

The outline of this paper is as follows. In Section |2l we describe the moduli spaces ^ g^n^ their 
associated forgetful and gluing morphisms, group actions, and automorphism groups. In Section|31we 
briefly review important facts from the category of G-graded G-modules, including the braid group 
action and tensor products. In Section |1] we define G-CohFTs and their tensor products. We prove 
that a (non-projective) G-CohFT always contains a G-Frobenius algebra. In Section [5] we define 
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how to obtain a CohFT from a G-CohFT by taking the appropriate "quotient." We prove that this 
is consistent with the obvious notion of taking a quotient for a G-Frobenius algebra, after rescahng 
the metric, and then work out the example of the orbifold cohomology of SSG. In Section El we 
introduce the moduli space of G-stable maps and equivariant Gromov-Witten invariants, reproduce 
the ring of [FHOHI special case, and prove that the trace axiom is satisfied. 

Remark 1.1. Unless otherwise specified, we assume that all cohomology rings are over the ground 
ring C, although all constructions here are also valid over the rationals Q. 

Also, unless otherwise specified, all groups which appear are finite and all group actions are right 
group actions. 

Notation 1.2. The stack quotient of a variety X hj G will be denoted [-^/G] and the coarse moduli 
space of this quotient will be denoted X/G. 
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2. The moduli spaces 

Let (G ^ - T,pi, . . . ,pn) be a stable curve over T of genus g, with marked points (sections) pi, 
. . . ,Pn- We want to study a variant of the space of admissible G-covers of G, as defined in jACV03l 
Def 4.3.1]. We recall the definition here: 

Definition 2.1. A finite morphism vr : E » G to an n-pointed, genus-^f, stable curve G ^ > T,pi, 

■ . ■ ,Pn over T is an admissible G-cover if 

i) E/T is itself a nodal curve (not necessarily connected). 

ii) Nodes of E map to nodes of G. 

iii) There is a right action pE of G on E preserving vr, and such that 

iv) the restriction of vr to Ggen(the points of G which are neither marked points nor nodes) is a 
principal G-bundle. 

v) At points of E lying over nodes of G the structure of the maps E — ^ G ^ > T is locally the 
same as (analytically isomorphic to) that of 

Spec A[z,w]/{zw — t) Spec A[x,y]/{xy — t^) Spec^, 

where we have t £ A, x = z'^' and y = w'^ , for some integer r > 0. 

vi) At points of E lying over marked points of G the structure of the maps E — G ^ » T is 
locally the same as (analytically isomorphic to) that of 

SpecA[2:] >- Specj4[x] Spec^, 
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where x = for some integer s > 0. 

vii) The action of the stabihzer Gg C G at each node q of E is balanced; that is, the eigenvalues of 
the action on the tangent space at q are multiphcative inverses of each other. 

Theorem 4.3.2 of |ACV03j shows that the stack of admissible G-covers is isomorphic to the stack 
g,n{^G) of balanced twisted stable maps into the classifying stack of G. 

Q 

2.1 Definition, construction, and basic properties of 

Given an admissible G-cover ,Pi,. . . ,Pn), let Pi e IT ^{pi) be a choice of a point in 

the fiber over pi for all z = 1 . . . n. 

Q 

Definition 2.2. Let ^ denote the stack of admissible G-covers 

(vr : E C,pi, . . . ,Pn,Pi,- ■ ■ ,Pn) 

of n-pointed, genus-g, stable curves, together with a choice of n marked points pi £ E such that 
7r(pi) = Pi for all i = 1, . . . ,n. We call such objects n-pointed admissible G-covers. A morphism of 
such objects is a G-equivariant fibered diagram; that is, a morphism of the underlying stable curves, 
together with a G-equivariant morphism of the induced admissible G-covers preserving the points 
Pi- 

Because the curve G is oriented, a pointed admissible G-cover {E — C,pi, . . . ,pn) has a 
well-defined monodromy mj at each marked point pf, namely, E induces a principal G-bundle over 
C — {pi, ■ ■ ■ ,Pn}, and the orientation gives a small loop in G — {pi, . . . around each pi, with a 
lift to a path in a small neighborhood of pi in E — {pi, . . . , Pn}- The lift is not uniquely determined, 
but the difference between the starting and ending sheets of the lifted path is given by a well-defined 
element mj G G. 

Since the points pi are determined up to a discrete choice by G, vr, and the points pi, the 
monodromy is invariant under deformation of the curve G, the cover E, and the points pi. Also note 
that, while the action pE acts on the points pi by right multiplication, it acts on the holonomies by 
conjugation. 

Let Ga denote the set G, considered as a right G-space under conjugation. Associated to any 

object {E — ^ C,pi, . . . ,pn) there exists an element m = (mi, . . . ,mn) G G^; namely, rrij is the 
monodromy of E at the point Pi. 

Definition 2.3. Denote the canonical morphism we have just described by 

e::^l^~G% (1) 

and let 



--<;,n(m):=e (m) 

Q 

denote the substack of objects in ^ g ^ that map to m. 
Since e is locally constant, we may write 

Q Q 

The stack ^ g^^ and the substacks M g jyva) can be explicitly constructed as follows. 
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Q Q 

Theorem 2.4. The stack ^ ^^'^ suhstacks „(m) are smooth Dehgne-Mumford stacks, 
Rat, proper, and quasi-finite over ^ g^n- 

Proof. Let Adm^,^ be the stack of admissible G-covers of n-pointed, genus-g curves, and let E ^ » C ^ > Adm^, 
be the universal G-cover and stable curve, with universal gerbe markings >- := [E/G\. Let 

Ei := E x<^ 

be the fibered product of E with o5^j. Let 

W := El XAdmG„ E2 XyldmG^ • • • 'X AdmG,^ En 

be the fibered product of the E^. It is straightforward to see that W is the stack of admissible G- 

^ 

covers, together with explicit choices of sections Pi £ E lying over the sections p,; that is, W = -^g^n- 

Theorems 3.0.2 and 4.3.2 of |AC V03j show that the space Adm!^,^ is isomorphic to .J^g^ni^G), 
the stack of balanced twisted stable maps to the classifying stack ^G, and is a smooth DM stack, 
flat, proper, and quasi-finite over ^ g^n- Since the S^i are etale over Adm'^n ^-i^d E is etale over 'i^, 
these properties are preserved by the above-listed fibered products. Thus the theorem follows for 

Q Q Q 

^ g^ri- The substacks „(m) are finite disjoint unions of connected components of ^ g^n^ so the 
theorem also holds for them. □ 



Remark 2.5. The above construction of the moduli stack requires the use of the gerbe sections S^i 
rather than the coarse sections Ai := im(pj) in the coarse curve G . This is due to the fact that the 
fibered product of the Ai with E over G does not necessarily represent reduced points of E — which 
is what we really mean when we say a point. 

Q 

2.2 Morphisms and group actions on ^g ^ 

Q 

There are several obvious morphisms on „. First, there are the forgetful morphisms 

^ ^ ^ ^ 

which were shown in Theorem 12.41 to be proper, flat, and quasi-finite. We denote the composition 
by 

st := st o st. 

We also have the evaluation morphism 

e : „ " 

Recall (see |JK02j ) that while cannot be written as a disjoint union of substacks 

indexed by m G G^, it does have a decomposition indexed by conjugacy classes of G. 

Definition 2.6. We denote the set of conjugacy classes of G by G and the conjugacy class of m G G 
by fn. Similarly, we denote by m G G the n-tuple of conjugacy classes determined by m G G". 

As described in |.TKn2j . we have 

^s,„(=^G)= ]J :^g^n{^^G;m), 

m6G 

where some of the substacks may be empty. 
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Definition 2.7. We let ^^„(m) denote the preimage st ^ g^n{^G\m)), which is easily seen 
to be 

U 



m'Sm 



Q 

The stack ^ „ n(in) has a right G" action 



P(7l,---,7n) : -^i^nCm) " -^^^nill'^lH^ ■ ■ ■ ^In'rUnln), (3) 

which acts by right multiplication on the n marked points (pi, . . . ,Pn) ^ (pi • 71, . . . ,Pn • 7n)- We 
sometimes write Qi for the action on the ith factor: Qi{'^) = q{1, . . . , 7, . . . 1). 

Q 

Together with the action of the symmetric group Sn on „, which reorders the marked points, 

Q 

^ g^n hs-s the action of the semi-direct product group G" xi Sn-, called the wreath product, where 

Q 

Sn acts on by permuting its factors. One consequence is that „ has the action of the braid 
group Bn- 

Definition 2.8. Let Bi be the trivial group. If n ^ 2, let Bn be the group with generators 
{bi, . . . , bn-i} subject to the relations 

bibi+ibi = bi+ibibi+i (4) 

for alH = 1, . . . , n — 1 and 

bibj = bjbi (5) 
if \i — j\ > 1. Bn is called the braid group on n-letters. 

For each generator 6j of the braid group Bn, there is an isomorphism 

^^„(mi, . . .,mi,mi+i, . . . ,mn) — ^ ^^„(mi, . . . ,mimi+im~'^ ,mi, . . . ,m„). (6) 

These are given by 6j := pi{m^^) o Si, where Sj is the element + in 5„ which transposes i and 

Q 

i + 1, and pi is the group action on ^ g^n obtained by right translation of the i-th marked point. It 

is straightforward to check that the induced isomorphisms satisfy the braid relations @ and ©, 

Q 

thus they induce an action of Bn on ^ g n- 

Finally, there are the three fundamental morphisms: forgetting tails, gluing trees, and gluing 
loops. 

Forgetting Tails Let m be any n-tuple 

m := (mi, . . . ,m„) G G% 

and let 1 be the identity in G. Whenever the pair {g, n) is stable (i.e., 2g — 2 + n > 0) there is 

a natural forgetting tails morphism r : ^^„_,_i(m, 1) >- ^^„(m) defined as follows. 

First, simply forgetting the data associated to the (n + l)st marked point usually yields 

Q 

an object of ^^„(m), but if the resulting curve is unstable, then we need to contract the 
unstable component to a point p. In those cases it is true, but not immediately obvious, that 
we can produce a suitable G-cover E on the new curve, and where necessary, assign a point p 
in E over p. We now describe how this works. 

We have two cases: first, when the resulting unstable component D is a (genus-zero) — 1- 
curve with one marked point pi, and one node q; and second, when the unstable component D 
is a — 2-curve with two nodes q and q' and no marked points. 

In either case, the unstable component is a genus-zero curve with two special points (call 
them q and q' for simplicity of notation). It is straightforward to see that for any q' £ E over 
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q' with monodromy m, the connected component D of E containing q' is a finite cover of D 
with automorphism group Autu D generated by m, which acts faithfuhy on all points but q 
and q'. In particular, it is fully ramified over q and q' , and unramified at all other points. Thus 

there is a canonical G-equivariant isomorphism ip : E\q E\qi. This shows in the first case, 

where pi = q', that there is a canonical choice of g G E\q (namely, q = 'P''^{pi)), and thus a 

Q 

well-defined point of „(m). 

In the second case, the isomorphism (p allows the construction of a principal G-bundle on 
the curve with the unstable component D contracted. In this case, we need no point q — the 

Q 

data we already have will give a point of g^n- Thus in every case the forgetting tails morphism 
exists. 

Gluing Trees Given any m G and m' G G'^a ■> ^ ^^^^ ^ additional element ji G Ga, 
lei g := gi + g2 and n := ni + n2- We have the gluing trees morphism: 

Q Q 

Qtree ■ ^gi,„i+i(m, fx) X ^ g2,n2+liP'~ ' " ^g,ni^^ ™') ('') 

given by attaching the universal G-covers E — ^ C' — ^-^ 3^^^ „^+i(m, //) and E' ^ ► C 

*' •^92,n2+i(/^^^' "^') ^-long the sections p(7)pi'„j+i G E and p(7)p'i G E' for all 7 in G, and 

attaching the universal curves G and C along the sections Pm+i and p'^^. It is straightforward 
to see that, because the monodromies jx and are inverses, the induced cover is indeed an 
admissible G-cover of the resulting stable curve, and thus gives an object in „(m, m'). 

More generally, let I = {H,...,ini} and J = {ji, ■ ■ ■ ■, jn2} be any disjoint subsets of 
{1, . . . , n} such that 7 U J = {1, . . . , n}. For any integers s, t with i^s^ni,l^t^n2 there 
is a morphism 

Q 

•^3i,ni+i ("^n ' • • • ' "^is-i ,fJ',mis,---, mini ) (^) 

^ •^S,n2+l ' • • • ' ' /^"\ "^it , • • • , "^ina ) 

^^„(mi, . . . 

Gluing Loops Given any m G G^ and /x G Ga we have the gluing loops morphism: 

Qloop •■ ^^-i,n+2(m, fJ,, n"^) ^^„(m), (9) 

defined in a manner similar to the gluing trees morphism; namely, one attaches the universal 
G-cover E to itself along the two sections Pn+i and Pn+2, and the universal curve G to itself 
along the sections Pn+i and Pn+2- 

As with gluing trees, the gluing loops morphism can be defined more generally for any two 
sections pi, and pj, provided they have inverse monodromies. 

Remark 2.9. Even more generally, if two points do not have inverse monodromies, the braid group 
action may still allow one to glue them. For example, for any ii < 12 with 11,12 G {0, . . . , n -|- 1} and 
cr = 'm,~^_^im~^2 ■ • • m'^^ ii'^rrii^ . . . mjj+i, we have a morphism 

Q 

•^g,n+2('^l> • • ■ ,'mii,tJ',mii+l, ■ ■ -,^2,(^,^2+1, ■ ■ ■,'mn+2) 
^g,n+2{mi,...,mi^,IX,II ,mii+i, . . . ,mn) 

Qloop v/C / \ 

" ^g+l,n{mi,...,mn). 

Q 

Remark 2.10. Since the collection {^g^^} has gluing morphisms which are equivariant under the 
actions of and S^, one may regard {-Mg ,^ as a G-equivariant colored modular operad where the 
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set of colors is the G-set Ga- Since the action of the braid group Bn (see Equation @) on ^g^n is 

Q 

constructed from the G"" and Sn actions, one may also regard as a colored modular operad, 

but where the role of the permutation group is replaced by the braid group. 

Q 

Remark 2.11. It is worth pointing out that the stack „_,_;^(m, 1) is not the universal curve 

Q 

or orbicurve over ^g „(m) nor is it the universal admissible G-cover. On the one hand, generic 
locations of will have no automorphisms, since they must fix the point Pn+i- On the other hand, 
when Pn+i "collides" with another marked point (i.e., they bubble off a genus-zero component), 
then the point Pn+i only prevents the existence of non-trivial automorphisms of E over the new 
component, but automorphisms over the remainder of the curve need only fix the fiber of E over 
the new node. 

2.3 Holonomy and other tools for studying G-covers 

Let Gji denote G considered as a right G-module. Note that the automorphism group Aut^(G/j) 

of Gij is again G, acting by left multiphcation. Given a pointed admissible cover {E^G ,Pl, ■ ■ ■ ,Pn) 
and given any point pQ G Eg^n ■= 7r~^(Ggen) lying over pQ £ Ggen-, we have an isomorphism of right 

G-modules : E\pQ Gr, given by 

i^Po(m) := 7- 

Changing the base point po to poa changes the map by left multiplication by a~^. 

Definition 2.12. The choice oi po G Eg^n gives a homomorphism from the fundamental group to 
G: 

Xpo '■ 71"! (Ggen, Po) " G, 

which we call holonomy. One way to see this homomorphism explicitly is to pull Egen back to 
the trivial admissible cover E of the universal cover U of Ggen- Automorphisms of U are precisely 
T^iiGgemPo), and they induce automorphisms oi E = U x G/j, and therefore of Gr: 

vri(Ggen,Po) = Autc,,„ U Aut^ Gr = G. 

Conversely, given any homomorphism x '■ ^i(C'gen)Po) " G, it is easy to see that we get a 

uniquely determined admissible G-cover of (G, pi, . . . ,pri) and a distinguished point po,x over pQ. 
This G-cover is given by first taking the quotient of [/ x Gr by the action of 

7ri(Gge„,po) Autcgen U X Aut'^ Gr 

and then extending it to all of G. Such an extension is uniquely determined by the G-cover on Ggen- 
The point po,x image of {pq,1) G f7 x Gr under this quotient. We call this cover the admissible 

G-cover of G induced by x and pq, and we denote it E^^p^, or E^ if po is clear from context. 

The following proposition is an immediate consequence of well-known corresponding results for 
principal G-bundles (see, for example, |lu95l Chapters 13-14]) and is straightforward to check. 

Proposition 2.13. Let Ggen be connected. For any homomorphism x '■ '^iiGgen,Po) " G, the 

induced E and po,x ^s^ve holonomy Xpo equal to x, ^.nd conversely, given an E and pq the bundle 
Ey^~^ is canonically isomorphic to E, via an isomorphism identifying Po,XpQ with the original po. 
Thus the data of E,pQ is equivalent to a choice of homomorphism x ■ T^iiCgen^Po) " G. 
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A difFerent choice of point po, say poa, changes x by conjugation Xpoa = oT^x^^- Furthermore, 
given a path 7 from pQ to Pq in Cgen a,nd the corresponding unique hft jofj from potopQ^ ^\p'q> 
the holonomy Xp' is induced from Xpo by conjugation with 7. 




vri(Cge„,po) 



And conversely, given any x! '■ '^liCgemPo) " G determined from x by conjugation by 7, the 

induced G-cover E^i is canonically isomorphic to E^, and the induced point p'q^, is that obtained 
by paraUel transporting pQ along 7 (i.e., Pq^^ is the endpoint of^). 

Definition 2.14. For any path d from po to pi in Ggen (that is, a path in G such that the image 
of (0, 1) lies in Ggen and d(l) = pi and d(0) = pq), we have an induced element of TTi{Ggf>n,Po) 
defined by following d from pQ to a little loop around pi, tracing the loop out once counterclockwise, 
and then returning along d (or rather d~^) to Pq. 

Moreover, for any admissible G-cover with point po ^ -^Ipoj path d determines a point 
p{d) £ E\p-, which is the endpoint of the unique lift d of d in that begins at po- 

Finally, given pQ and a path d from pQ to pi , holonomy and the map induce an isomorphism 

of right G-modules V^p^ : E\p^ (mi)\G/j, where := Xpoi^d), and i^d,po maps the point p{d) 

to the coset {mi). 

Definition 2.15. In genus zero, a choice of paths dj from the point pq to the point pi for each 
i £ {1, . . . ,n} induces loops cr^- that generate iTi{Ggen,Po)- Not every choice of monodromy m G G" 
satisfies the same relations that the generators cTj do, and thus not every choice of monodromy 
defines a holonomy x, but for those m that do, there is a uniquely determined pointed admissible 
G-cover 

C(di,...,d„;m) := (E^ ^ CP\pi, . . . 

by defining the holonomy x to be given by the monodromy 

x(<TdJ=mi, for i G {1, . . . ,n} 

and letting the points pi := p{di) be the points induced as in Definition 12.141 Since the loops 
generate the fundamental group of CF^ — {pi, . . . ,Pn}, this construction gives a well-defined pointed 
admissible G-cover. 

It is clear from our discussion so far that every smooth, genus-zero, n-pointed, admissible G- 

cover (E ► ,pi, . . . ,pn) that has all of its points pi in the same connected component of E 

must be of the form (^(di, . . . , d„; m) for some choice of pq, paths {di, . . . ,dn), and m S G". Assume 
that the points pQ, . . . ,pn € G are given. Of special interest is the case where the induced generators 
of the fundamental group have product equal to 1. We denote the subset of such n-tuples of paths 
by 

n 

Pc ■■= {{di,. . .,dn)\di a path from pQ to pi, and JJo-rf. = 1}, (10) 

i=l 

11 
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and the corresponding pointed admissible G-covers of C by 

n 

Cc:={C(d;m)|dGPc, m G G'^, Y[mi = l}. (11) 

i=l 

Definition-Proposition 2.16. Given a choice of po, ■ ■ ■ ,Pn € C, with genus(G) = 0, there is a 
transitive action of the braid group on the set Pc, where 

h-A = di+i (12) 
bidi+i = cFd^+idi (13) 
bidj = dj if j / i, i + 1. (14) 

This action of i?„ on the set Pc is compatible with the usual braid action on TTi{Cgen,Po)', that is, 
for each i we have 0"^^ G T^iiCgen^Po), and 

crbd,=bad,. (15) 
Consequently, the braid action on Pc induces an action of the braid group on ^c*, distinct from the 

Q 

braid action on all of ^^^^ that we defined earlier. To distinguish the two, we will denote this new 
action by ^ : B„ >► Aut(Cc)- 

Proof. The fact that the given equation defines an action and that the action is compatible with 
the usual action on the fundamental group is a straightforward calculation. That the action is 

transitive follows from the classical fact that the braid group generates all OTitcr automorphisms of 
the fundamental group that preserve the property of the product of generators being trivial. 

Since the product of generators and the product of monodromies are both trivial, the induced 
holonomy 6% : (T^^,^.-) t-^ mi is still a well-defined homomorphism of groups. Thus for each admissible 
cover C(d; m) G Cc and for each 6 G we can define 

^(6)C(d;m):=C(6d;m). (16) 

□ 

2.4 Automorphisms, isomorphisms, and fibers 

Definition 2.17. Let KvlIqE denote the group of G-equivariant automorphisms of E over C. Any 

if G Aut^ E must induce a G-equivariant automorphism : Gr Gr of right G-modules by 

ip' = Up^o if o v-K It is easy to see that if ip{p) = p^g, then tp' is simply left multiplication by g. 
This gives a homomorphism 

%o : Autg^; -G. 

Proposition 2.18. The homomorphism ^fpij : AuIqE G commutes with every element of 

im(xp„), and depends only upon the (path-)component of Eg^n In which pq lies. Moreover, if C is 
irreducible, then ^'^^ is an isomorphism to the centralizer of (i.e., the subgroup of G which commutes 
with every element of) the image of Xp^: 

-.Aut^E-^ G(imxpo). 

Proof. It is straightforward to check that a change of base point from po to p'q = po7 changes 
by conjugation. 

On the other hand, given a path a : [0, 1] Egg^ from po to another point go we may 

parallel transport any point poj of the fiber E\pQ to the point go7 in the fiber E\qg, thus giving an 

12 
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isomorphism of right G-sets a^, : E\pQ >■ -El go; ^.nd one can check that the induced homomorphisms 

^'pQ and are the same: 

^Po = ^?o :Autgi? ^G. 

The first two claims of the proposition follow. 

It is straightforward to check that if Cgen is path connected, then is injective, and surjectivity 
can be seen by uniformizing Cgen, pulling E back to a trivial bundle on the uniformizer, and 
checking that left multiplication by any element of G which commutes with holonomy descends to 
a G-equi variant automorphism of E over C. □ 

We now turn our attention to automorphisms of pointed admissible G-covers. For a pointed 

admissible G-cover . . . ,Pn), we denote the group of G-equivariant automorphisms of 

E over G which fix the points pi by Aut^{E,pi, . . . ,Pn)- 

Proposition 2.19. If G is an irreducible curve, and if mi, . . . ,mn G Ga are the monodromies 
of the admissible G-cover E at pi, . . . ,pn, respectively, then for any elements 71, . . . , 7„ such that 
Po G Egen lies in the same connected component of Eg^n as pi'yi, ■ ■ ■ ,'Pnln, the map ^'p^, induces an 
isomorphism 

%o ■ Autg(.E,pi, ...,pn) — ^ (7i~^mi7i) n • • • n {j'-^mn-fn) n G(im(xpo)), 
where G(im(xpo)) denotes the centralizer of the image of Xpa- 

Proof. If Pi'yi is in the same component of Eg^n as po, then there is a path d in Ggen from pQ to pi 

which lifts to a path d from po to pi, and we have an isomorphism I^d^po : E\p. {'y^^mi^i)\GFi. 

of right G-sets taking piji to the coset {■y^^mi'ji). An automorphism 99 S Ant^ E with ^'p(,((^) = g 
takes the coset {'J^^miji) to itself if and only if 5 G (7^^^771474). Thus (p fixes the points pi'yi and 
also Pi if and only if ^'p^ ((/?) G {7i~^ iTT-i^i) for every i. □ 

Of course, iipi'y is in the same connected component of Egen aspiO, then, since ^pq((^) commutes 
with holonomy, including 7~^a, the condition '^p^-^{^p) G (7~^?n.i7) is the same as the condition 
*Po('/^) ^ {a~^mia). 

Proposition 2.20. For any smooth pointed curve {G,pi, . . . ,pn) having no non-trivial automor- 
phisms, choose an admissible cover {E — ^ G,pi, . . . ,pn) G Adm^^^. For any po G Eg^n and for 
any choice of paths di in Ggen from pQ = 7r{po) to pi, let ai = be the corresponding ele- 
ment of TTi{Ggen,Po)- We Can describe the fiber (st)~-^([£' — ^ G,pi, . . . ,Pn]) of the forgetful map 
st : ^g^n " ^dm'^,^ as the quotient stack 

{st)-HE^G,pi,...,pn) = 

where G(xpo) Is the centralizer of the image of Xpo, ^.cting diagonally on the product, the index 
set Ipg is {lYi=iiXpo(.(^i))\GR) I {C{Xpo)/Hpo)^ and the group Hp^ is the image under ^!p^ of the 
automorphism group of any pointing {pi, . . . of E: 

Hp„ = ^p^{Aut^{E,pi, ...,pn)) = G{xpo) n (xpo(^i)) n • • • n (xpoK))- 

Proof. A choice of pointing pi,...,p„ G -E is equivalent to a choice T'pgipi) G {Xpoi^i))\G b. for 
each i G {1, . . . , n}, and any isomorphism between two pointings {E,pi, . . . ,pn) and {E,j?^, . . . 
induces an automorphism of E. Conversely, the automorphisms of E act on the set of all pointings, 
thus Proposition 12.181 gives the first equality. For any pointing, the homomorphism ^'p^ takes 
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the automor phism group Autg(E,pi, . . . to Hp^, := C{xpo) n (Xpo(^i)) ^ ■ ■ ■ , ^iXpoi^^n)) by 
Proposition 12.191 The second equahty follows. □ 

Proposition 2.21. Let C = C^UC'^ be the union of two irreducible curves joined at a single node 
q. Choose points Pq,Pq € Egen lying over Cg^.^ and Cg^^, respectively, and such that and pQ lie 
in the same connected component of E. Also, choose a point q £ E\g of the fiber over q which lies 
in the same connected component of E as Pq and p^. Let fj, and fi~^ be the monodromy of E at q 
with respect to the orientations of and respectively. We have an injective homomorphism 

^ := ^-pg) : Autg(£;,pi, . ..,Pn)-^GxG, 

which depends only on the connected component of E in which pg and p^ lie, and 

im^f = {(51,52) G im^'pi x ira'^pjgig:^^ G (^1)}. 

Proof. The injectivity follows from arguments similar to the irreducible case. The condition on the 
elements (51,(72) £ i™^pi ^ comes from the fact that any automorphism of E must take 

both "sides" of the node q to the same point: qgi = qg2, but qgi is only determined up to a (left) 
coset of {fi). □ 

Let C be an irreducible curve with one node q obtained by attaching 2 points g+ and g_ of the 
normalized curve C^. An admissible G-cover £^ of C is obtained by attaching two points g+ G E'^\q_^ 
and q- £ E^\q_ of an admissible G-cover E^ on which have monodromy and /U~^, respectively, 
for some // G G. Let pq G -E^en = Egen be in the same connected component of E^ as 5+ is, and let 
7 G G be chosen so that g-7~^ is in that same component of E'^ . 

Proposition 2.22. Any automorphism ip G Aut^(£',pi, . . . ,pn) induces an automorphism N{if) G 
Aut^,.(£''^, . . . ,pn) by puUback to the normalization. For any po G Egen the homomorphism N 
is injective and is compatible with "^p^; that is, the following diagram commutes: 

Aut^{E,pu...,Pn) ' G 

r 

N 



Moreover, we have 



Autg.(S^pl,...,pO G 



im(M'p„ oN) = {g£ ^po(Autg. E-)\g G G(7)}. 



Proof. Commutativity of the diagram is straightforward to check and injectivity of follows from 
the fact that is injective. The fact that the image commutes with 7 follows from an argument 
similar to that for holonomy in Proposition 12.181 □ 

Q 

2.5 Distinguished components of „ 

Q 

Several distinguished components of g .^ will be useful for our construction of G-CohFTs. We 
describe them and their basic properties in this subsection. 



Q 

2.5.1 The substack ^{m) 0/^0,3(1^) 
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Definition 2.23. For any m := (mi,m2,'m,3) G G^, if the product n?=i not 1, then we 

define the stack ^(m) to be the empty stack. Otherwise, let C denote the sphere CP^ with special 
points po := and pj = exp(27rjV— 1/3) for j G {1,2,3}. For each j e {1,2,3} let di be the 
path in C determined by following a straight line from pQ to pi. These paths induce elements 
o"i ■= o'di S 7ri(CP^ — {pi,P2,P3},Po) (see Definition I2.14|) . which generate the fundamental group 
and have trivial product: cri(j2(T3 = 1. Thus the triple d = (^1,^2,^3) is in Pc- 

We define ^(m) to be the connected component of ZW^^{m) containing the geometric point 
(^(d;m), as defined in Definition 12.151 

Remark 2.24. For any m E G, it is clear that the component ^(m, m~^, 1) is the unique component 

of 3(171, m~^, 1) such that all the points pi lie in the same connected component of the admissible 
G-cover E. 

Lemma 2.25. For any m G G\ we have the following identities for the ^(m). 

i) /o(7,7,7)(C(m)) = C(7"^i7"\ 7"^27~^ 7"^37~"^) for any 7 G G. 

ii) p{mi, 1, l)(e(m)) = p(l, m2, l)(C(m)) = p(l, 1, m3)(e(m)) = C(m). 

iii) For the generators bi , 62 of the braid group 

6i^(m) = ^{■mim2m^^ ,mi,m3) 

62^(m) = ^(mi, 771277137712 ^,m2). 

Thus for any element b € B^, we have 

6,^(m) = ^(6m), 

where b acts on the triple m via the Hurwitz action (i.e., the obvious action where, for example, 
61(7711,7772,7773) := {mim2m1^ ,mi,m-i)). 

iv) Let s be an isomorphism induced from a cyclic permutation (also denoted s) in S3, then 

s^(m) = ^(sm). 

Proof. The first identity follows from the fact that the global right action translates all points in 
the admissible G-cover in by 7. Under this action, the i-th monodromy mi changes to 'y~^mi'y for 
all 7 = 1, . . . , 77. 

The second statement follows from the fact that the action of pi on the i-th point pi is the same 
(via the map P^q) as right multiplication acting on the right G-coset (mi); that is, the action ipi{mi) 
is trivial. 

The third statement follows from studying the results of sliding points pj around pi, which we 
now describe in the case of 62- The case of bi is essentially the same. 

The transformation T : z ^ 1/z takes po = to 00, fixes pi, and interchanges p2 and 773. 
Let E' = T^E := {T~^)*E, p'^ '■= T^iPs), p'3 ■= ^*(P2), and j/^ := T^{pi). The pointed cover 
(S',p']^,p^,P3) corresponds to the geometric point representing the image of ^(m) under the action 
of the transposition S(2,3)- Let 7 be a straight path from pq to 00 that passes between p^ and pi, 
e.g., the path 7(t) = —7/(1 — t). Note that via 7 we have an isomorphism of (un-pointed) admissible 

G-covers E' = E-^^p^, where x is the homomorphism vri(Ggen)Po) " G, given by taking ^T^ai^~^ 

to 777i and with the induced po,x being the "parallel transport" of T*{pq) along 7. The loop 7r^,o"37~^ 
(around T{p3) = P2) and the loop 7T*(Ji7~^ (around T{pi) = pi) are homotopic to the loops a2 and 
cji, respectively. But the loop 7r,,cr27~^ is homotopic to o-2CJ3(T^^. Thus the (un-pointed) G-cover 
E' is isomorphic to E" := E^^p^, where x is the homomorphism taking ai to 7771, a2 to 771277737712^, 
and (T3 to 7712, that is, to the G-cover E" associated to ^(62m). And the points and p'^ are the 
same as those that are induced on ^(62111) • However, the point ^ is not the same as the point p'2 
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induced on ^(62111); indeed, P2 is induced by parallel transport from pQ along the path d2, whereas 
P2 is induced by parallel transport from pQ along 'yT^d3^~^ = (cr3)~^d2. Thus they differ by the 
holonomy 772-2 of the loop a^; i.e., the claim of the third statement holds. 

Finally, the last statement of the lemma follows from the fact that a rotation (multiplication by 
lb exp(27ri/3)) of CP^ will induce the permutation s on ^. □ 

The construction of ^(m) depends a priori on the choices of pi and di, but we will see in 
Proposition 12.271 that it is independent of these choices. 

Before we give that proposition, we need to understand better how the different braid actions 
interact. The fact that the braid action on paths agrees with the usual braid action on loops shows 
that for any b £ B3 we may write 

bd = (u;id^(fe(i)),a;2d^(fe(2)),'^3C^V(fe(3))) 

for some choice of uji £ T^i{Cgen,Po) (and ip{b{i)) is the action on i of the permutation induced by 

the standard surjection B3 S3). Let bx denote the induced holonomy a^d^ 1— > rrii, and let 7^ 

be the image of uJi in G via bx- It is clear that bx is the same homomorphism as that induced by 
taking di ^ brrii, but the point p{bdi) differs from that defined by p{d^(^h{i))) by p(7i). That is, we 
have 

/?(6)C(m)=/3(6)C(d;m) 
= C(6d;m) 
= /5(7)C(d;6m) 
= p{l)C{bin) 

= /5(7)feC(m). (17) 

Q 

Lemma 2.26. The hraid action [5 on C,c -^0 3 factors through the standard symmetric group 

Q 

action on ^0.3 usual surjection ip : B3 >- 5*3 to the symmetric group. That is, for any 

b £ B3, d e Pc, and m, such that Y\mi = 1, we have 

/3(6)C(d;m) =^(6)C(d;m). 

Proof. By transitivity of the Bn action on Pc, for every C(d'; m) there exists a b' £ Bn such that 
d' = b'd, where d is the set of paths used to define ^. So it suffices to check this only in the case of 
^(m); i.e., where the paths are the standard d. Checking the generators of B3 is now quite easy. For 
example, in the case of 6 = 61 the shift 7 is simply (mi, 1, 1) and so equation (|17|) and Lemma 12.251 
item (lui)) gives 

/3(6i)e(m) = p(mi,l,l)e(&m) 
= Pimi, 1, l)6^(m) 

= Sl,2C, 

as desired. □ 

Proposition 2.27. For any m £ with JlLi = ^' choice of points Pq, . . . ,^3 £ CF^, and 
any choice of paths d[ from p'^ to p[ for each i £ {1, 2, 3} with trivial product (i.e., d' = [d'l, ^2,^3) £ 
Pc), the geometric point of ^qsC™) deEned by C(d',m) iies in the component C(m). 

Proof. Using the action of PGL(2, C) we may assume that p'^ = pi,P2 = P2, and p'^ = Ps- 

Moreover, given any path 5 from po to p'q, we may replace the paths d[ by d'^5. This gives an 
isomorphism between the n-pointed admissible G cover defined by the and that defined by the 
d^5. Thus we may assume that p'q = pq. 
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Since both sets of paths d = (^1,^2, d^) (from the definition of C(m)) and d' = {d'i,d2,d'^) lie in 
the set Pc, and since the braid action on Pq is transitive (Definition-Proposition l!^. 16|1 . there is an 
element b' G such that 

C(d';m) = C(6'd;m) = /3(6')e(m). 
Moreover, since the endpoint of each d[ is pi, we must have 

b' G keii^P : S3 S3), 

that is, b' lies in the pure braid group. 

The proposition now follows from Lemma l2.26l 

□ 

Q 

2.5.2 Distinguished components of 

Definition 2.28. Let m = (mi, . . . , 777,4) be chosen so that ni=i "^1 = 1) and let 

m+ := (7711771-2)""^, 777_ = 777 

Q 

We let ^o,4(m) denote the component of ^^^{m) which contains the image of ^(7771, 7772, 77i_|_) x 
^(777_, 7773, 7774) under the gluing map 

g : ^^3(7711,7772,777+) X ^[^3(777-, 7723, 7724) " -^0,4{™-)- 

Q Q 

Definition 2.29. For any closed substack Q C „, consider the homology class [Q] in H,(^ g .^). 
We define 

M ■■= 

when Q is empty, otherwise, 

m ■■= . A Q], 

deg(stQ) 

where deg(stQ) is the degree of the forgetful morphism restricted to Q: 

stg : Q " Jlg^n- 

Lemma 2.30. Using the notation of Definition \2.28[ let 

m'j^ := (77747x11)^"'^, m'_ := (ttj,'^)^"'^. 

We further let g' denote the gluing map composed with the cyclic permutation s = (4, 3, 2, 1) € ^4, 
that is, g' = s o g^ree- 

■^0,3(^4, mi, m'_^) X ^^3(r77'_, 7772, 7773) ^^4(7774,7771,7712,777.3) — ^ ^^4(111), 

and we let g" denote the gluing map 

g" : ^^3(7771, 777'+, 7724) X ^^3(7722, 77i'_, 7773) >- ^Q^{m). 

i) The component ^0,4(111) contains the image of ^(777,4, mi,m'_^) x ^(m'_,m2, m^) under the map 
g' and the image of ^{mi,m'_^,m4) x ^(777,2, ?77'_, 7773) under the map g" . 

ii) We have the following equalities in //2('^o,4(m))- 

lQ{S.imi,m2,m+) X ,^(?77_, 7773, 77I4))] = [£>'(^(?7l4, r77i, 77l'|_) X ^(777'_, 7712, 7713))], 

and 

hi) 

Q*{U{mi,m2,m+)j I^(777,_, 7713, 7714)]) = £'UlC("i4, "^+)l ® [^(777'., 7772, 7713)!). 
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Proof. For any choice m S G\ with ^^=1 n-j = 1, a construction similar to that of ^(mi, m2, ms) on 
CP^ — {pi,P2,P3,Pa}, with, say, pi := (V— 1)* and po := 0, and with straight-hne paths di to each pi, 
gives a pointed admissible G-cover of CP^ — {^1,^2,^3,^4}, which has two obvious degenerations. 
The first degeneration is given by contracting the great circle defined by {z = + \/—l)\t G 
M U 00}. This can easily be seen to be the image of .^(mi, m2, x ^(771^,7113,1714) under the 

gluing map gtree ■ -^csl^^ii "^2, x .J^Q ^lm-, 7713, 7714) «- 4(111). Similarly, the second 

degeneration, given by contracting the great circle {z = t{l — \/—l)\t € M U cxd}, is the image of 

Q Q 

^(mi, m^, 7714) X ^(m2, ms) under the gluing map ^o,3("^i> "^4) ^ '^o,3i^2,n^'-,'m3) " 

^Q4{m). The first claim follows from Lemma 12.251 item Inland the fact that all these gluing 
morphisms are well-behaved under cyclic permutations. 

To see the second claim, consider the forgetful morphism 

St : Co,4(m) ^0,4- 

By pulling back the corresponding boundary divisors on ^0,4, one obtains the equality 

A A' 
[gi^imi, 7712 , 771+) X ^(m_,m3,m4))]-g = [0 {(.{m4,7ni,77i'+) x m2, ms))] — , 

where A is the order of the automorphism group of m2, x ^(m_, ms, 7714)), A' is the 

order of the automorphism group of q' {5,{m4,mi,m'_^) x ^{771' 7712, m^)), and B is the order of the 

Q 

automorphism group of a generic point in ^Q^^{m). 
Finally, we observe that 

(J 

Q*{[i{'mi,m2,7nj^)\ [^(m_, ms, 771,4)]) = [^'(^(mi, m2, m+) x ^(m_, ms, 7714))] 



where C is the order of the automorphism group of a generic point in ^>(^(7r7i, 7772, 777+) x^(7r7_, 7773, 7/14)), 

is the order of the automorphism group of ^(th-i, 7772, 777+), and D- is the order of the automor- 
phism group of ^(777_, 7773, 7774). This equation, together with its counterpart from £)*([^(777i, 7772, 777+)]® 
[^(777_, 7n,3, 7n,4)]) and the previously derived equation, yields the desired result. □ 

Q 

2.5.3 Distinguished components of^^ 

Definition 2.31. Choose elements a, b, mi £ G such that 7771 = [a, h]. Let Qh be the composition of 
the morphisms 

^{7ni,h,ah^^a^^) ^^3(7771,6,6^^) > ^^^(mi), (18) 

where the first morphism is right action by a in the third factor, and the second morphism is the 
gluing morphism identifying the 2nd and 3rd marked points. 

Similarly, let Qa be the composition of the morphisms 

^(7771,606^^,0^"*^) -^^ii- ^^3(7771,0,0^"'^) ^° ► ^^1(7771), (19) 

where the first morphism is right action by 6 in the second factor, and the second is again the gluing 
morphism identifying the 2nd and 3rd marked points. 

Q 

We define ^1^1(7771,0,6) to be the component of 1(7771) containing the image of Qh. 
Lemma 2.32. The images of Qa and Qh lie in the same connected component ^1^1(7771,0,6) of 

Q Q 

^ \ i(^i)- yfoieover, the following equation holds in H2{./^i 1(70-1)); 

Ql{lP3{a)i{mi,b,ah-^a-^)Y) = Q',,{lp2m{mi,bah-\a-^)\). (20) 
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Proof. The images of Qa and qi, are degenerations of the same smooth admissible G-cover over a 
smooth torus. In particular, consider a smooth, one-pointed torus {T,pi) with generators a, (3, and 
7 of tti{T,pq) for some point pQ, with 7 corresponding to the loop induced by a path d from pQ 

to pi (as in Definition I2.14|) . and [a, (3] = 7. The homomorphism x ■ 7ri(^iPo) " G that takes a, 

/? , and 7 to a, 5, and mi, respectively, defines an admissible G-cover £'^, and a point iJo,x- Parallel 
transport along d induces a point pi with monodromy mi, giving us a pointed admissible G-cover 

It is straightforward to see that the image of Qa corresponds to the a-cycle shrinking to become 
a node, while the image of Qh corresponds to the /3-cycle shrinking to become a node. Thus both 
images lie in the same connected component ^i,i(mi) of ^11 (mi). 

Equation H2Uj) follows from the identity 

A A' 

Q'b*{[p'i{a)i{mi,h,ab''^a~^)\)— = £'a*([P2(b)?(rni, 6a6~\ a"^)]) — , 

where A is the order of the automorphism group of p^{a)^{mi,b,ah^^a^^), A' is the order of 
the automorphism group of [/02(6)^(mi, 6a6~^, a~^)], B is the order of the automorphism group of 
^)'{,(p3(a)^(mi, ab~^a~^)), and B' is the order of the automorphism group of g'a{p2{b)^{mi, bab~^, a~^)). 

However, B = B', as their corresponding automorphism groups are both isomorphic to G(a, b) C 
G (see Proposition 03^ . □ 

3. The category of G-graded G-moduIes 

In this section, we briefly review some well-known facts from the category of G-graded G-modules 
(see |Kas95[ iBKOlj ) which will be useful in the sequel. 

3.1 G-graded G-modules and their G-coinvariants 

Definition 3.1. Let := ^^^^^q J^m be a finite-dimensional G^-graded vector space which is 

endowed with the structure of a right G-module p{'y) : ^ *■ for all 7 in G, with p{^^) taking 

M'm to ^^-1^7 for all m in G. (^, p) is said to be a G-graded G-module. 

A G-invariant metric rj on a G-graded G-module is a symmetric, nondegenerate, bilinear 
form r] on which is G-invariant (under the diagonal G action) and which respects the grading, 
i.e., for all in and Vm_ in we have r]{vm+,Vm-) = unless mj^m^ = 1. 

G-graded G-modules form a category whose objects are G-graded G-modules and whose mor- 
phisms are homomorphisms of G-modules which respect the G-grading. Furthermore, the dual of a 
G-graded G-module inherits the structure of a G-graded G-module. 

Example 3.2. Any finite-dimensional G-module y is a G-graded G-module where := V and 
:= for all m not equal to 1 in G. 

Example 3.3. The simplest example of a nontrivial G-graded G-module is C[G], the free vector 
space generated by G, with its natural G-grading, endowed with the G-action p{'j)m := 7~^m7 for 
all 7, m in G. 

Definition 3.4. Recall that G is the set of conjugacy classes of G, the conjugacy class of m in G 
is denoted by m, and the conjugacy class of m~^ is denoted by m~^. 

A section s of the natural map G >- G is said to be involutive if s{fn~^) = s{fn)~^ for all m. 
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Definition 3.5. Let {J^,p) be a G-graded G-module. Let ttg ■ he the averaging map 

T^oiv) := TL^Pil)v 

for all V in . Let J^f be the image of ttg- The vector space is called the space of G-coinvariants 
of Jf, and it inherits a grading by G, denoted by 

If 77 is a metric on J^, then let 77 be the restriction of the metric j^r/ to J^. 

Remark 3.6. The reason for the factor of in the definition of r\ will become evident when we 
discuss the geometry of G-CohFTs. 



Let us describe in terms of J^. 
Proposition 3.7. Let (Jf , p) be a G-graded G-module with a G-invariant metric r]. 

i) Consider Ufn in J^m, where Vm = l]rn'€m'"m'- For all m' in m, v^' belongs to the 
C{m')-invariant subspace of J^m'- In particular, for all Vm in J^m, 

T^aiVm) = 7I"G(7rc(m)(^^m)), 

where TTc^m) '■ " J^*'"*'* is the averaging map 

^ ^ 7eC(m) 

ii) For all m in G, the map tt^ : J^m^"^^ " J^m, defined as 

is an isomorphism of vector spaces. 

iii) For all m± in G and Vm± in J^m±"^^\ where m^m- = 1, we have 



\G\ 



iv) If s is an involutive section of the natural map G ► G, then 



s{m) ' 



taking Vs^m) ^ '^G{''Js{m))> an isomorphism of vector spaces which is not an isometry. 
v) fj is nondegenerate, i.e., is a G-graded vector space with metric rj. 
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Proof. To prove part (P, consider Wm in J^m- We have 

' ' 7'eG 

' ' h]e{C(m)\G) c£C{m) 



|G| E '-(t'icM E 

' ' l-y]€C{m)\G I ^ ^1 ceC{m) 

\C{m)\ 



m] [Wm)- 



We conclude that 



[7]eC(m)\G 

|C(m)| ^ w ^ ^ 

' ' h]eC{m)\G 

which finishes the proof. 

We prove part (jnl) by showing that the map fm '■ J^m " ^m^'^^ , defined by 

\G\ 



uY 



|C(m)r™' 

is the inverse of vTm- Notice that the right hand side is C(m)-invariant by part (ji|). Consider 
^m^'"^ We have 

fm{TTG{Wm)) = frn [ ^^W^ Y Pi^)'^'" 
\ ' ' [7]eC{m)\G 

\G\ \G\ \C{m)\ 

Therefore, vr^ is an isomorphism. 
To prove part (Im)). observe that 

??(vrG(^^m+),VrG(Vm_)) = ji r]{p{-i+)Vm+,p{l-)VmS, 

' ' ■y±eG 

' ' 76G7+6G 

' ' 7eG 
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where we used the C(m+)-invariaiice of Vm+ in the last equahty. 

Part (|iv)) fohows immediately from ^ and (Im)). Involutivity of s is needed to insure that 
J^^^j™''^^ inherits a metric from compatible with its grading. 

To prove part (jvj), let m^m- = 1, so that r] restricted to J^rn+ © is nondegenerate. J^rn± 

is a C(m±)-module, so one can write 

as C(m-|-)-modules, where is the direct sum of all nontrivial irreducible representations of 

C{rn±) appearing in M'm±- Notice that since m^m^ = 1, we have C(m-|_) = C{m^). 

Since 77 is C(m+)-invariant, 77 restricted to M'rn+ © is the direct sum of 77 restricted to 

® M'm^"'^^ and r/ restricted to ■ Therefore, ry restricted to J^rS""""^ ©^mi"""^ 

is nondegenerate. 

Let be in M'm+'^^'^ ■ Suppose that r?(vrG(fm+), 7rG(vm_)) = for ah Vm. in c^^i"""-*. By 

part (|ni|) . this is equivalent to the condition rj{vm+,Vm-) = for all Vm^ in J^ml • However, ry 

restricted to c^^.,^™"*''' © J^m^"^~^ is nondegenerate, therefore, 1;^+ = 0. Thus rj restricted to Jf is 
also non-degenerate. □ 



3.2 Tensor products and the braid group 



As is usual in the representation theory of groups, there are two kinds of tensor products asso- 
ciated to G-graded G-modules, 

Definition 3.8. Let Jif' be a G'-graded G'-module and Jif" be a G"-graded G"-module. Their 
vector space tensor product J^' © Jif" is naturally a G' x G"-graded G' x G"-module called the 
external tensor product of M" and Jif". 

On the other hand, the category of G-graded G-modules has a natural tensor product which 
differs from the tensor product of their underlying vector spaces. 

Definition 3.9. Let Jf" := ©„gG=^ ^nd := 0^^^=^' be two G-graded G-modules. Let 

^' := j^;^ j^^^ 

with the induced G-module structure, where G acts diagonally. We call J^' QJif" the tensor product 
of and Jf". 

Remark 3.10. The G-graded G-module C[G] has the important property that 

C[G] ^ C[G] ^ ^ ^ 

for any G-graded G-module Jif. 

Finally, we note that objects in this category have a natural action of the braid group, which 
we now describe. 

Definition 3.11. Let be a G-graded G-module. Its n-fold tensor product inherits the 

structure of a right G" xi 5„-module where the symmetric group 5„ acts on J^^"- by permuting its 
factors. 

For alH = 1, . . . , n - 1, let h : ^^'^ be defined by 

bi{Vmi © • • • © © Vrui+i • • " © VmJ := ^mi © " " " © (^("1^"^ ) © ^'m, © " " " © Vm„ 

for all Vmj in rJ^. , rrij in G, and j = 1, . . . , n — 1. 
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The following proposition is immediate. 
Proposition 3.12. The elements {61, ... , &„} on J^'^'^ give an action of Bn on 

4. G-equivariant cohomological field theories 

Q 

In this section, we introduce the notion of a G-CohFT , defined in terms of ^ and prove 
some of its basic properties. 

4.1 G-CohFTs and G-Frobenius algebras 

Definition 4.1. A tuple ((J^, p), {Ag^„}, 1) is said to be a G-equivariant Cohomological Field 
Theory (G-CohFT) if the following axioms hold: 

i) (G-Graded G-module) (J^, p) is a G-graded G-module. The subspace is called the untwisted 
sector of the G-CohFT, and J^m, where m ^ 1, is called a twisted sector of the G-CohFT. 

ii) (G"" XI Sn Invariance) For all m := (mi, . . . , m„) in G" and all stable pairs {g, n), if we denote 
J^m := (g)r=i^m,, then A^^ n is an element of ^^j^ -ff* (1/^^ ,^(111)) ® J'^^ which is invariant 
under the diagonal action of G" x Sn- 

iii) (Identity) The element 1 in Mi is non-zero, and is called the flat identity or vacuum vector. 

(a) (G-Invariance of the Identity) The vacuum vector 1 is G invariant, i.e., /o(7)l = 1 for all 7 
in G. 

Q Q 

(b) (Flat Identity) Under the forgetting tails morphism r : ^g^^_|_i(m, 1) ^^^(m), we 

have 

^g,n+l {'^mi ; • • • > '^rrin )!)"''" ^g,ni'^mi i ■ ■ ■ i Vmn ) 

for all m in G", and Vrm in '^m.i for all i = 1, . . . , n. 

iv) (Metric) 77 is a symmetric, nondegenerate, bilinear form on such that 

JU{mi,m2,l)} 

It follows that r]{vmi,Vm2) = unless mim2 = 1. Recall that ^ is defined in Subsection 12.5.11 
and the scaled class {QJ in Definition 12.291 

v) (Factorization) Fix any m+ G G and m_ := {m-^.)^^. Let the set {cq} be a basis for J^m^, the 
set {cfs} be a basis for Jifm- , and be the inverse of the metric 

relative to these bases. 

(a) For all stable pairs {g\^n\ + 1) and {g2,n2 + 1) let g = gi + g2 and n = ni + n2- For all m 
in G"' and all {vmi ■ ■ ■ , Vm„ ) ^ we require 

^Qtree^g ,ri)^Vm\ ) • • • ; '^mr,) = Agi ,ni+l (t^m-ij ) • • • > '^rai^^ j €.c^r\ ^Ag2^n2+1 (^/3) '^m.j-^ '^rnj„^ ) 

for all partitions {ii, . . . , U {ji, . . . ,jn2} of the set {1, . . . , n}. 

(b) For all stable pairs (5 — 1, n + 2), all m G G^, and all {vmi , ■ ■ ■ , Vm„ ) G the classes A 
must satisfy 

(ft*oop^S,n)(^'ml, • ■■,Vmr,)=^ Ag_i,„+2 (^^mi , • • • , ^'m„ , , 6^ ) r?"^ • 
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Remark 4.2. If G is the trivial group, then a G-CohFT coincides with a CohFT in the sense of 
Kontsevich-Manin |KM94j . 

Example 4.3. The simplest example of a G-CohFT has as its state space ^ = ©^eG ■~ 
H*{G) = H^{G) = C[G] as G-graded G-modules, i.e., if {cmlmeG denotes the obvious basis in J^, 
then the G-action p{'y) : M'm — > .^-1^7 is pi'y)iem) ■= e^-im^, for all 7, m in G. 
For all m = (mi, . . . , m^) in G"", let 

where e : -M >- G", and Im in H^{G"') denotes the fundamental class of the point m in G". 

It follows that 

r]{emi,em2) ■= / Ao,3(emi, e^j, 1) = S -1. 

Definition 4.4. We will call the G-CohFT of the previous example the group ring G-CohFT, and 
we will denote it simply by C[G] whenever it is clear from context that we mean the group ring 
G-CohFT and not just the ring itself. 

Remark 4.5. We will see in the next section that this G-CohFT induces the G-Frobenius algebra 
C[G], and a standard argument (along the lines of |T99j ) shows that the two constructions are 
actually equivalent, thus we are justified in the terminology and notation of the previous definition. 



4.2 Tensor products of equivariant CohFTs 



Given two equivariant CohFTs, one can construct a new one by taking their tensor product. As 
in the case of G-graded G-modules, there are two tensor products associated to G-CohFTs. The 
first, the external tensor product, associates to a G-CohFT and a G'-CohFT a G x G'-CohFT. The 
second is a tensor product in the category of G-CohFTs. 

Proposition 4.6. For all m' in G'" and m" in G"", let m' x m" denote the element ((m'^, m'a), . . . , 
(m^,m^)) in (G' x G")". Consider the commuting diagram 



-^^n(m') ^ •^g,n 

where st' and st" forget the pointed admissible covers and ^^ „(m') x^ ^^ „(m") is the 

fibered product with projections pr' and pr". Tiie map T taices an object {E » G;pi, . . . ,pn) 

to {{E' G; p^, . . . {E" C;p'(, . . . where E' is the variety E/G" and p[ is the 

marked point on E' induced bypi, E" is the variety E/G' and j?- is the marked point on E" induced 
bypi- 

i) The morphism T preserves the (G' x G")" and Sn actions. 

ii) The morphism pr' is G'^ -equivariant and pr" is G"^ -equivariant. 

iii) The morphisms pr', pr", st', st" are Sn-equivariant. 

iv) The morphisms T, pr', pr", st', st" commute with the gluing morphisms. 
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Proof. For Part Q note that T is a morphism because both E' C and E" >- C are admissible 

G'-, respectively G"-covers with the proper monodromies. The equivariance under the actions of 
(C X G")" and 5„ is manifest. 

Similarly, Parts (juj) and are manifest. 

We now treat part (|ivj) in the case of the loop for the morphism pr'. For all in G' and 
in G" such that m'_^m'_ = m"^m"_ = 1, consider the diagram 

^^_i,^+2("^' ^ ("T-V^^^'Di {m'_,m"_)) ^^n^*^ (m' x m") 



P^cut 



pr' 



(24) 



^i,n+2(m , m^,m_) ► -^g,„(m ) 



where ^ and ^ are the gluing morphisms and prj,yt and pr' are the canonical projections. Part (|ivj) 
states that this diagram commutes, which follows immediately from the definition of the morphisms 
involved. Similarly, the analogous diagrams for T, pr", st', and st" also commute. The proof in the 
case of the tree is identical and will be omitted. □ 

Corollary 4.7. Let (^', r/', {A;,,„}, 1') he a G'-CohFT and (^", r/", {A^',„}, 1") be a G"-CohFT. 
If we define 

Kn{v'^'^ ® v'L'l, ■■■,v'm'^® v'L'^ ■= T* ((pr'* A;_„«, , . . .,v'^,J) U (pr"*A;',„«„, . . .,v'^„))) (25) 
for all v'^i in J^J^, and v'^,, in ■^^n, where the morphisms pr' and pr" are deEned as in Proposition 

9,' 



m' 

\M then k"', rj' 0t]", {Ag,n}, 1' ® 1") is a G' x G"-CohFT. 



Proof. Let G := G' x G" . Using the tensor product of a G'-graded G'-module and G"-graded G"- 
module, J^' J^" inherits the structure of a G-graded G-module. The G-invariance of 1' (gi 1" 
follows. 

The G"- and Sn-invariance follow from Proposition l4.6l|iH) and respectively. 

The flatness of the identity follows immediately from the definition of Ag^„. 

The metric axiom follows from observation that since ^o,3 is a point, the fibered product 

^0,3 (m') x-^^^ ^0 3(m") is equal to ^o,3(m') x ^0 3(111"). 

We prove the factorization axiom in the case of the loop — the case of the tree is similar. Let us 
adopt the notation from Proposition 14.61 and define v', x v''„ to be (v', (g) v'',,, . . . , v', v'',,) for 

111 111 III, ^ TtL-^ TL Tl 

all v'^, in and v'^„ in J^^„. 
From the definition of A we have 

o'^gAv'm' X v'^") = ((pr' X pr") o A o T o Q}*{A'g^^{v'^,) ® A'^,^{v'^„)), 

where A is the diagonal morphism 

A : ^g^m') X;^^^ ^g,„(m") -#g,„(m') x-^^_^ -#g,„(m") x ^g^m') x-^^^ ^g^^{m"). 

Let A denote the diagonal morphism 

A : ./#^„(m X m') » ^^,„(m x m') x ^^„(m x m') 

and Acut denote the diagonal morphism associated to ^£,„x,n+2("^' ^ ("^+) {iri'_,m"_)) for 
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any m'_^ in G' and in G" , such that m'^m'_ = m"^m"_ = 1. We have 
(pr' X pr") o A o T o ^ = (pr' x pr") o (T x T) o A o ^ 

= (pr'xpr")o(TxT)o(^xeOoAeut 
= (e^ X o (pr' X pr") o (T X T) o A^ut, 

where the first equahty follows from the identity (TxT)oA = AoT, the second from the identity 
{g X ^ o Acut = ^ °Q, and the third from Proposition I4.6l|ivj) . Putting these together, we obtain 

r A,,.«, X <„) = ((pr' o T)>'*A;,„(^:„,)) U ((pr" o T)* g"* AlJv'^.)) 

= ((pr' X pr") o (T X T) o A)*(^.'*A;,,„«,)) ® g"* A'^A^'L"))) 

= ((pr' X pr") o A o rng'^A'^^v'^,)) ® /*A;'„«„))) 

= T*((pr'V'*(A;,„(^;.0)) U ipr"*g"*iA'U<.m 
= T*((pr'*A;_i^„+2(^^mM e'„[„Y], e'„[„,_])) U 

//* A // / // // // \\>a\m']a\m.']>fB\rn'!]B\rn''] 

(pr Ag_i^„+2(^^m".e^[m';].e/3[m'^]))?? ' +' ^ +^'^' 
as desired, where ie',, ,| is a basis for J^', and ie'L^nA is a basis for J^",, . 

This completes the case of the loop. The case of the tree is identical and will be omitted. □ 

Definition 4.8. Let & = (^', r?', {A^^„}, 1') be a G'-CohFT and 6" := (JT", 77", {A^'^„}, 1") 
be a G"-CohFT. Their external tensor product & ® &' is the G' x G"-CohFT (JT' ® J^" , rf ® 
77", {Ag.„}, 1' 1"), where A^^^ is defined by Equation (|25|) . 

The category of G-CohFTs also has a tensor product induced from the diagonal morphism on 

^ g,n- 

Definition 4.9. Let 6' = (JT', r?', {A^, „}, 1') and 0" = {jr",rj" ,{AlJ,l") be G-CohFTs, then 
consider the tuple {J^,r], {Ag^„}, 1) given by 

i) J^ = je'Q Jif" as G-graded G-modules, 

ii) For all v'^^ (g) v'^^ in Jifmi and "^^^12 ; 

iii) 1 := 1' 1", and 
iv) 

(^, r?, {Ag,„}, 1) is said to be the tensor product of the G-CohFTs (Jf, rj', {A^_„}, 1') and (^", 77", {A^'„}, 1") 
and is denoted 0' 0". 

Proposition 4.10. The tensor product of two G-CohFTs is a G-CohFT. 
Proof. The proof follows, first, from the fact that the diagonal morphism 

A : ^^„(m) ^^„(m) x ^^„(m) 

induces a morphism 

^.(^S!n(m)) ^ /7.(:j'J;„(m)) i7.(::#^„(m)), 

which respects the gluing, the Sn actions, and the G" action, and second, from the fact that the 
cup product is induced via pullback of the diagonal morphism. The definitions of the flat identity 
and the metric are easily verified. □ 
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Remark 4.11. Let M" and ^" be two G-graded G-modules. The G-module structure on ^'Q^" 
is induced from the G x G-module structure on the external tensor product M" ® M"' via the 

diagonal homomorphism G ^ >- G x G. An analogous phenomenon occurs in the category of 

G—CohFTs, where the role of the homomorphism G ^ — >- G x G is replaced by a natural inclusion 
— " g n ^ foi" £^11 stable pairs {g, n) and m in G". This inclusion respects the 
actions of G^ and Sn as well as the gluing morphisms. Consequently, the tensor product in the 
category of G-CohFTs "factors through" the external tensor product. 

Q Q 

This natural inclusion is obtained as follows. The diagonal morphism A : ni^) ^ — " g n(™) ^ 
Q 

„(m) can be written as the composition 

where A is the diagonal morphism into the fibered product, and j is the obvious inclusion. However, 
„(m) x^ „(m) is isomorphic to ^ (mxm) via T. Observe that A and j both preserve 

the actions of Sn and G" and the gluing operations. 

The G-CohFT C[G] is initial among all G-CohFTs, in the following sense. 

Proposition 4.12. Let © := (JT, r/, {Ag,„}, 1) be any G-CohFT. The tensor product of C[G] with 
(S satisRes 

C[G] 6^00 C[G] ^ 0. 
The proof is immediate from the definition of tensor product. 

4.3 G-Frobenius algebras 

Recall that a Frobenius algebra is a special CohFT. This statement admits a generalization to 
G-CohFTs and G-Frobenius algebras, as we will see in Theorem 14.161 

Definition 4.13. Let us adopt the notation that Vm is a vector in for any m G G. A tuple 
{{J^,p), •, 1,77) is said to be a (non-projective) G-Frobenius algebra IKauOSl \Kau03l \T99ll provided 
that the following hold: 

i) (G-graded G-module) {J^, p) is a G-graded G-module. 

ii) (Self-invariance) For all 7 in G, p{'^) : is the identity map. 

iii) (Metric) r/ is a symmetric, nondegenerate, bilinear form on Jif such that ri{vmi ' '^012 ) is nonzero 
only if mim2 = 1. 

iv) (G-graded Multiplication) The binary product (fi,f2) 1-^ vi ■ V2, called the multiplication on 
Jif, preserves the G-grading (i.e., the multiplication takes J^mi -^^2 J^mim2) and is 
distributive over addition. 

v) (Associativity) The multiplication is associative; i.e., 

{Vi ■ V2) ■V3 = Vi- {V2 ■ V3) 

for all vi, V2, and vs in J^. 

vi) (Braided Commutativity) The multiplication is invariant with respect to the braiding: 

for all rrii €z G and all Vrm £ with i = 1,2. 
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vii) (G-equivariance of the Multiplication) 



for all 7 in G, and all vi,V2 £ J^. 
viii) (G-invariance of the Metric) 



for all 7 in G, and all vi,V2 G J^. 
ix) (Invariance of the Metric) 



■n{vi • V2,V3) = r]{vi,V2 • V3) 



for all ^1,^2,^3 G 

x) (G-invariant Identity) The element 1 in is the identity element under the multiplication, 
and which satisfies 



Remark 4.14. When G is the trivial group, a G-Frobenius algebra is a Frobenius algebra, a unital, 
commutative, associative algebra with an invariant metric. Given a general G- Frobenius algebra , 
there are two ways that one can construct a Frobenius algebra from it. The first Frobenius algebra 
is obtained by considering the subalgebra Jifi. The second approach is to consider J^, the algebra 
of G-coinvariants of with its induced multiplication and identity. The metric on induces a 
metric on which makes into a Frobenius algebra. 

Remark 4.15. If is a G- Frobenius algebra, then it follows from the axioms of a G- Frobenius 
algebra that the action of the braid group on the multiplication factors through the symmetric 
group. More precisely, let ^ : J^f^^ — > C be given by p{vmx,i^m2^'^m.3) '■= vi^m-i ■ Vm2iVm3) and let 
bi, 62 denote the generators of the braid group S3, then ^obi obi = fi for all i = 1,2. 

Theorem 4.16. Let {{M', p), f/, {Ag,n}, 1) be a G-CohFT. Define a multiplication ■ on as follows: 
For any mi,m2 G G, let = {mim2)^^ . For all Vmi in and in J^m2J define 



where {ca} is a basis for J^mg, {//s} is a basis for and rj°'^ is tlie inverse of the metric in 

those bases. 

The tuple {{J^, p), •, 1, rj) is a G-Frobenius algebra. 

Proof. The G-module {J^,p), the metric r], and the identity element 1 in the G-CohFT are the 
same for the G-Frobenius algebra. 

The invariance of the metric follows from the fact that 



where s is the isomorphism induced from the cyclic permutation in 6*3 (this is proved in Lemma 



Notice also that since ^(mi, 777.2,777.3) is empty unless 7^7177127773 = 1, the product is naturally 
graded. 





S^(77ii, 77i2, 77^3) = ,^(7772, 7773, TH-i) 
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The product is not commutative, in general, because ^(mi, m2, ms) 7^ ^{m2, 1711,7113). However, 
it is braided commutative, because 

^(mi,m2,m3) = &||~^^(mim2m^^, mi, ms) = crpi(mi)^(mim2m^"^, mi, ms), (26) 

with cr the transposition (1,2) G 5*3, as shown in Lemma 12.251 The relation H26|) on implies the 
braided commutativity via the equation 



Vmi ■Vm2= I Ao,3(^^mi , , eQ,)r/"^//3 

K(mi,m2,r?i3)l 

[((Tpi(mi))5(m,im2mj ,mi,m,3)] 

(cr/>i(mi))*(Ao,3(t^ 

K(mim2m^ ,mi,m3)] 

pi(mi)*cr*(Ao,3(^^mi 

[g(mim2m^ ,mi,m3)] 

pi(mi)*(Ao,3( 'f^m2 5 ) 

[5(mim2mj^ ,mi,m3)] 

Ao,3(Pl( )^°^//3 

[5(mim2mj^ ,mi,m3)] 

= (p(m^^)i;m2) • fmi- 

Again, using the braided commutativity for the classes ^ and the invariance of 1, we can show 
that 1 is indeed a unit for the multiplication, since 



^l • 1 = / Ao,3(l'mi, l,ea)r/"^//3 

iK(mi,l,m-l)l 

= / Ao,3(^'mi,e«, l)7y°^/;3 

iK(mi,m-l,l)l 



= ^(^^mi,l)??"^//3 = ?^mi, 

where we introduced a basis (e^) of =^^-1 and a basis (/^) of J^j. 

The property that 1 is a unit implies that the invariance of the metric follows from 

'q{Vrm,Vm2) = -riiVmi ■ VmiA)- (27) 
Equation 1)27^ in turn follows from 

rj{Vrm ■ Vm2,'^) = ^0,3{Vrm,Vm2,ea)V°'^ Ao,3(//3, 1, 1) 

yK(mi,m2,m3)l •''K(m3, 1,1)1 

Ao,3( )rt(//3,l) 

K("ii,»Ti2,m3)] 



Ao,3(^^mi,''^m2, 1) 

K(m-i,m2,m3)] 
— ^(^mi ) 'ym2 ) ) 

where we use the notation m3 := (mim2)^^, and we let {bq} be a basis of J^ma and {fp} be a basis 
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The /7(7)-invariance of .3^^ follows from the second part of Lemma l2. 251 



•''[€{7,1,7-^)1 

= / Ao,3(/0(7)^'7>l>e„)7?"^//3 
•''[P{7,1,1)«(7,1,7-1)1 

= / Ao,3(w7,l,e„)r?"^/^ 

^r£(7,i,7-i)i 



Again we use bases {ea} of and {//^j of J^. 

The self invariance, together with the invariance of the metric, imply the symmetry of the metric: 

The G-invariance of the metric follows from the G^-invariance of A and the p-invariance of the 
unit 1 via 

V{p{7)Vmr,p{l)Vm2) = / Ao,3(/3(7)'t;mi,p(7)^^m2,l) 

J [^(7 '-mi7,7 lm,27,l)] 

Ao,3 {p{l)Vmi , p{l)Vm2 , p{lW 

[p(7>7.7)C(™-i.m2,l)] 

= / Ao,3(Wmi,'Vm2, 1) 

JK(mi,m2,l)I 

— Vi^mi ) 'Vm2 ) ) 

where we used the first property of ^ of Lemma [2.251 

The above in turn gives the G-equivariance of the multiplication 

P{l)Vmi ■ Pi'y)Vrn2 = / ^0,3{p{7)Vmi , pi'y)Vm2 , ^ah"''^ f/3 

J K(7"ir7ii7,7-lm27,(7~^m37)-l)] 

Ao,3(/3(7)^^mi , p{l)Vm2 , p{l)ea)v'"^ p{l) fp 

[p(7>7>7)(€(mi,m2,m3))] 

Ao,3(Wmi , Vm2 , e'aW^^ pil) fjs 

[^(mi,7T),2,m3] 
= P{l){Vrm -Vrrii), 

where we used := {mim2)^^ , a basis {ca} of J^-i^g^, {//3} of -^-i^-i^j and the transformed 
bases {e'„ := p(7~"'^)eQ,} of J^ma and {/^ := ^(7""^)//?} of Also, we used the notation t]"^^ 

for the inverse metric of 77^/3 = fli^'ai fp)^ the G-invariance of the metric 77^^ = 77^^, and the first 
property of Lemma 12.251 
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Associativity follows from Lemma I2.3UI in the following way: 

(Vrrn ■ Vmz) ■ Vms = Ao,3 (''^mi , ^ma ; ^a)^"^ / J^oM P^'^ra^^^lW^ ^ 

Jli{mi,m2,m+l J [^(m_ ,7713, 7714)] 

Q*J^O,i{Vmi , Vm2 , Vm-i , k^W^k 

[5(mi,m2,m,+ ) x5{m~ ,m3,m4)l 
[£i(g(mi,m2,m+)x5(m_,m3,m4)] 
(5(^4, mi ,m^)xg(m'_, 7712, ms))] 

Ao,4(^^ml , Vm2 , Vm^ , k^W^k 

K(m4,mi ,m'^) x^(m'_ ,7712,7713)] 
Ao,3(^7 

[5(T7i4,7ni ,771^)1 J [5(7n'_ ,7712,7773)] 

Ao,3( '^7772 ) "^7773 ^ 

K(m2,7773,77l'_)] J [$(7711,777^,7774] 

— Vmi ' (^7712 ' ^7713)) 

where we used the 53-invariance of A, the fourth property of l2.25l and the symmetry of the metric. 
Also, we introduced the notation 7714 = {mim2m^)~^ and used the notations of Lemma I2.3UI for 
m±,m'j^, q' ; i.e., m+ := (mim2)~^,m_ := mim2,m'_^ = m2m3, and m'_ := (77127713)^-'^. Further- 
more, {ca} is a basis of J^m+, {fp} is a basis of J^m-, {k-y} is a basis of J^m4, and {Is} is a basis 

Lastly, the proof of the trace axiom follows using Lemma I2.32t 

JK(7ni,6af)-l,a-i)] 

Ao,3(//3,e5,l)7/"'3 / Ao,3(^;,ni,p(ri)e„,^)7/^'5 

(a-i,a,l)] JK(777i,bafe-l,a-i)] 

Ao,3(A:A,p(&"')ea,//3)r/"'' / Ao,3(l, ^;,ni , Z^)^^^ 

^[$(1,7771,777-1)] 

M,l{kx) I Ao,3(l,Wmi,/A.)??^'' 

£)6,$(777l,6a6-l,a-l)] J[$(l,7771,777j:l)] 

Ai,i(A;a) / Ao,3(l,t'7ni,/M)'?^^ 

[£)„$(7(7l,fe,ab-la-l)] ^[$(1,7771,777-1)] 

Ao,3(^A, 57 ^^sW^ / , Ao,3(l,7;mi,^A7 

(777i,fe,afe-la-i)] J[$(l,a6a-l6-l,7n-l)] 

Ao,3(^r,57> 1)^''^ / Ao,3(^^777i,5(7,p(a"^)/75)7y'^'' 
[$(b-i,fe,l)l J[$(7ni,Mfc-ia-i)] 

= Trjrj,(p(a)^7)), 

where we used Lemma I2.3UL as well as Lemma 12.321 with its notation for the maps Qa-, Qb and 
77ii = [o, 6], and introduced the bases {bq} of J^a, {//3} of .^-1, {57} of {hs} of ^-1, {^a} of 
J^i, and {l^} of ^-1. 

□ 
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We can now justify naming the G-CohFT C[G] of Example 14.31 the group ring G-CohFT. 
Proposition 4.17. In the group ring G-CohFT, the metric r] on = 0g£G'C satisfies 

for all mi,m2 in G. 

The multiplication is given by 

Cmi ■ 67712 — 6^17712 

for all mi , m2 in G. The identity element is 1 := ei . The resulting G-Frobenius algebra is isomorphic 
to the group ring C [G] . 

Proof. The multiplication operation is 



-mi ^Tn2 



■^0,3 (^7711 5 5 6(mim2)~-'^ )^7ni77i2 Cmi77i2' 
[g(mi,m2,(mi77i2)-i)] 



The metric and identity element follow by a similar calculation. □ 



5. CohFTs and Quotients of G-CohFTs 



In this subsection, we explain how to obtain a CohFT from a G-CohFT by taking the appropriate 
quotient with respect to G. Geometrically, going from a G-CohFT to a CohFT corresponds to going 
from „ to ^g^n, where the Ag^n are allowed to only act upon elements of We perform this 
procedure in two steps. The first step is to go from to ^g^ni^G). The second step is to go 

from ^ g^n{''3^G) to ^ g^n- 

5.1 From to I#g,„(=^G) 

We begin with a useful lemma. 

^ ^ Q 

Lemma 5.1. For all m in G , the forgetful morphism st^n : ^g „(m) >- ^g^„(=^G;m) induces 

a ring isomorphism st^ : if*(^p^„(<^G; m)) «- //•(^^„(m))'^". 

Q 

Proof. Let be the constant sheaf of complex numbers on „(m), and let be the constant 
sheaf 

Since st is finite, the Leray spectral sequence degenerates, giving 

HP C^l^im),'^) = FP(:Z^,„(=^G;m),st.(^)). 

Since these sheaves are all sheaves of vector spaces over C, they are all divisible, hence the coinvariant 

map ttg" is well defined and preserves invariants; i.e., if i : (st,,,^)*^" » st*"^ is the natural 

inclusion, then ttq" oi = 1. Thus taking G"-invariants is the same as applying the map ttg^, and is 
exact. So a general homological argument gives that 

(i/P(:^g,„(^G;m),st,<^))^" = //P(::#g,„(^G;m),(sf,<r)^"), 

and we have 

iHPC^';^^(m),<^)f" = i/P(:Zg,„(=^G; m), (sl,^)^"). 

On the other hand, we have st ('^') = 'i^, so by adjointness we have a map j '. *~ st^*^. 

Composing with vrcn, we get a map of sheaves ttg^ o j : 'tf' «- (st*'^)*^". On each fiber this map 
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is an isomorphism, since for a fixed admissible cover E C the fiber F := st ^{[E C]) is 

a disjoint union of points with transitive G"-action inducing the G"-action on st**^ = ©jg^?^', 
and j is just given by g i— > {q, q, q). Some straightforward work shows that for any vector space 
V and any set F with transitive G"-action, the vector space V x F has as its G"-invariants exactly 

the image of the map j : V ► V x F, taking v to {v, v, ...,v). In particular, this holds for V = 

Since the fiber F and the G"-action on F are unchanged under small deformation, this shows that 
the morphism of sheaves ttq" o j induces an isomorphism on stalks, and thus is an isomorphism of 
sheaves. So we have 

= i?f(:Zg,„(^G;m),s~t*^)«" = HP{:^^^,^f" 

as desired. 

□ 

Proposition 5.2. Let (.^, r?, Ag^n, 1) be a G-CohFT. There exist uniquely-determined classes Ag^n 
in 0jjjgc" H'{Z£g^n{^G;m)) (giJ^ such that 

StjjjAp^^('yjji) ^g,n{'^^in) 

for all in J^m- 

Proof. Consider vm in for m in G . For all 7 in we have 

where the first equality is by the (diagonal) G"-invariance of Ag^n and the second is by the definition 
of . Therefore, Ag^nivm) belongs to iJ*(^p_„(in))'^" , and we are done by the previous lemma. □ 



Fix an element m+ in G and let m_ := m_^_^. To each such choice, we have the following 
associated commutative diagram, which we will use extensively hereafter, and whose morphisms 
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and other terms we explain below: 



' Tout 



^n(m) 




St 



St 



St" Ff{SSG) ^p(^G) 




St 



St 



^Fcut — — " ^ 



■ 9,n 



(28) 



The above diagram has two cases. The first case corresponds to the situation where all graphs 
are decorated stable graphs of genus g with n tails which are trees of the form 



and Tcut 



m, m_ 



(29) 



and 




where := {ii, . . . ,Zn_|_}, is the index set of the labels for the tails on the left half of each graph 
above, := {ji, . . . , jn.}, is the index set of the labels for the tails on the right half of each graph 
above, Nj^ U = {1, . . . , n}, and gj^ + g- = g. 

The second case corresponds to the situation where all graphs are decorated stable graphs of 
genus g with n tails which are loops of the following form: 
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and 

1 

■n 2 





and rcut = ^>5( (34) 



Note that in both cases, the graph T has tails labeled by conjugacy classes rui, but its one edge 
is labeled by a specific choice of m+ and m_. 

Now we explain the various terms and morphisms. is the closure of the locus in q ^ whose 
dual graph is F, i is the inclusion morphism, and ^ is the normalization morphism associated to 
cutting the internal edge of F. Similarly, ^^{SSG) denotes the closure of the locus in ^ g^n{^G\ m) 
whose associated dual graph has tails decorated by m and whose monodromies around one side of the 
node lie in m_j_ and whose monodromies around the other side of the node lie in m_ . The morphism 
i is the inclusion, and F-^{^^G) is the fibered product ^Pcut ^3#p ^p(-^G'). The morphisms /2 and 
pr are the canonical projections of the fibered product. To explain f, we first note that F^{BSG) 
is the the stack of triples consisting of a cut curve C in ^v^^t i ^'^ admissible G-cover S — > C in 
^p(=^G), and an isomorphism a in from the glued curve /^(C) to C. The morphism r takes 

such a triple to the pullback of E along the composition ao^. The morphisms st, st', and st" simply 
forget their respective twisted curve structures. 

Q ^ 

Similarly, is the closure of the locus of pointed G-covers with dual graph F, so all tails are 

Q 

labeled by conjugacy classes rrii] and ^fcut closure of the locus of pointed G-cover s with dual 

graph Fcut) so their tails are labeled with conjugacy classes Trlj, but on the two sides of the node 
their monodromies are the specific group elements m+ and m_. The morphisms st and st simply 
forget the marked points in the G-cover. 

The stack is the fibered product Fp(^G) X;^„(-^g) -^t — -^Tcut ^3#r "^r; ^■^d the mor- 
phisms ]1 and pr are the canonical projections. The morphism r is induced by the pair of the gluing 

map Q : -^fcut " -^f ^"^^ ° • -^Fcut " -^rcut (actually the gluing map has 

Q Q 

as its target but it factors through the substack ^p). In particular, we can write the gluing 
Q 

morphism on ^ as 

Qr^ = iojlor, (35) 
while the corresponding gluing morphism on ^ can be written as 

gr = i o ^. (36) 

Remark 5.3. The morphisms i, i, i are regular embeddings. The remaining morphisms in the 
diagram are both fiat and proper. 

Notation 5.4. For all fn in G, let |G(m)| denote the order of the subgroup C{m') of G for any m! 
in m, as it is independent of the choice of m'. 

Theorem 5.5. Let {Ag^„} be a collection of classes associated to a G-CohFT {A^^^}, as in Propo- 
sition Fix any conjugacy class m+, and let m_ := m^^. Let T be a decorated stable graph of 
genus g with n-tails which is either a tree, as in Equation l^30\) . or a loop, as in Equation If 3,1]) . Let 
VYn belong to J^m. 

When F is a tree then 

f*/I*i*Ag,„(Vnl) = ^^1,, Ag^,n++l(WmAr, ,e/3[M+])??^''^+''^^'^"^Ag_,„_+i(e/3[^_],?;nTjv_), 

deg(st ) ;3[m+],/3[m_] 

(37) 
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where iV+ U = {l,...,n} is the partition corresponding to the tree, n± = \N±\ and fmjv_|_ 
denotes the n±-tuple HigATi ''^rui, the collection {e^j^^]} is a basis of J^m±, Sind <?+ + g_ = g. And 
^/3[m+]/3[m_] jg ^j^g inverse of the metric rj on J^f in the basis {e^[^^]}, where 

Vi't^+^'f^-) '■= \C{rn+)\ri{vm+,Vm-) (38) 

for all Ufn^ in '^m± ■ 

When r is a loop then 

In either case, denote the right hand side of equations if^) and |23) by ^^^^^TTyAp ^. 

Remark 5.6. This theorem suggests that Ag^n should be regarded as an analog of the virtual class 

cl(n on ^^Jji, the moduli stack of r-spin curves |.TKVnij . Equations (|37|) and (|39|) should be regarded 
as an analog of the Cutting-Edges axiom. 

Proof: (of Theorem \5.5\) . Let m_|_ be any representative of the conjugacy class and let m_ := 
m^^. Consider the associated commuting diagram (pS)) and graphs to 
For vm in 

/ := sCo-Ag^nivm)- 

We have 

= {stoiojlo r)*Ag^n{vm) 
= (z o /I o pr o F)*Ag,„(vm). 

Therefore, 

I = stl{i o /I o pr o r)*Ag^ri{vm) 
= (f opror}*(^o/IoproF)*Ag„(^;5^) 

= deg(pr o r)r^'j2*i*Ag^n{vm) (40) 
because pr o r is finite and surjective. 

For all m in G, let {cc^jm]} be a basis for such that {ea[m]} is the disjoint union of a basis 
{Gfj.[m]} for J^m^^^ and a basis {ejy[m]} for as in Equation (f23|) . such that for all 7 in G, 

P(7)e^[m] = e/,[^-i„i^]. (41) 

^ Q Q Q Q 

Assume that F is a tree, then let ^_^_{m'_^) := „^_|_;^(mjv^, m'^_) and ^ _{m'J) := „__^;^(m'_, miv_ 

Q Q Q Q 

for all m'j^ in rn±. Let ^_|_(m±) := ]J^/ '^±("i'-|_). We can write ^fcut ~ -#+(m+) x 

Q 

^ _{m ). Similarly, let 

A+{Vm+) ■■= Ag^^n+j^l{VrnM^^'^m+) 

and 

A-('Vm_) := J^g-,n-+l{Vm-,VmM_) 

for all fm,^ in J^rn± - Furthermore, let A±{vrni-) be defined by 

A±{vm±) = st*A±(fM±) 
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for all Vrn± in • 

The G-ColiFT axioms imply that 

/= st:(A+(e,[^^])??"[-+]"[™-]A_(e,[^_])) 

a[m±\ 

— St— A , r i^r?"['"+]°[''"-lst— A ('p r A 

where we have the natural forgetful morphisms stm:+ : ^^(jrij^) ^ -^g+,ra++i(>^^G'; mjv+, 

and stm:_ : ^^(m_) >- ^g_^n-+i{^G;rn-,m.]\i_). 

Therefore, since A is G-equivariant and the fibers of stm;± are G-orbits, we have 

1= Yl sl^+*A+(7rG(e,[^^]))r?-[-+l-[--]sW_,A_(7rG(e„[„_])) 

a[Tn±] 

= Yl s~tw^+*A+(7rG(e^[„^+]))r/'^['"+l'^^'"-lsl^^_,A_(7rG(e^[^_])) 

tJ.[m±] 
ti[m±] 

= Y deg(8~twT+)deg(sW_)A+(^G(e^[™+]))<["+l'^t"^-lA„(^G(e^[„^_])) 
= Y deg(sW+ xsW)A+(7rG(e^[„^]))r?'^["^+]^['"-]A_(7rG(e^[„_])), 

where the first equality holds because st^=Ag^„ belongs to H'{^g^n{^G)) J^*^'^ , and the second 
follows from the choice of basis and Prop osition 13 . 7l|H) . 

Furthermore, let st^'^^ ,„/ •) denote the forgetful morphism 

^ ^ 

^^{m'_^) X ^_(m'_) » ^g^^n++i{^G;in.iy^,m^) x ^g__„_+i(=^G; m_, m7v_) 

for all in m±, then 

deg(stM+ X stm_) = Y deg(st('^/^^^/_)) = ^J^^^^^ deg(st('^_^^^_)), 

where in the second equality, we have used that deg(st('„' )) is independent of the choice m'^ 

\G\ 1 
in rn±, the fact that rn'^ contains |^^_^^| elements, and that |G(m)| = |G(m~ )| for all conjugacy 

classes m in G. Thus, 

1= Y deg(sr) 1^'' A+(vrG(e^[^^i))r?^'-+]^'--'A_(vrc(e^[^_l)), (42) 

but st ' = f o pr o f, hence, 

/= Y d^s{r)degipro^ J^' A^incie^^^^^^^ (43) 

Equating Equations (|in|) and (flH)) and canceling factors of deg(pr or), we obtain 

f./I*?A,,„(^^) = deg(f) Y A+(vrG(e^[„^^]))^^[^+]^[^-lA_(^G(e^[™_])). (44) 



\C{m+)\' 
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Let eij,[m±] •= ^G(e^[m,±])- Notice that the left hand side only depends upon rn± because of 
Equation (|1T|) . Since {c^[m-i-]} is basis for J'^m^ then by Proposition l3. 7Hii|) . {£^[fn-i-]} is basis 
for M'm^ - Let 

- _ _ --( _ _ ( _ _ ^ - \C{m+)\ 

where r?^[m+]^[m_] = ??(e^[m+] , e^[m_])- Therefore, taking inverses, 

-/x[m;+]/x[m;_] _ /x[m+]/^[m_] ( Ar\ 



and 

^ |C(m+)|2^ 

by Equation (|38|) . so 



^,/2VA3,„(t;iiT) = deg(f) ^ V,n++i(^^^^ , e;.[m+]))?^t'"+l''t'"-l V,„_+i(e^[^_], i;iiT^_ ). (46) 



^11 



To conclude, note that pr = st of and deg(pi-) = deg(st ), so 

deg(pi-) deg(st' 



deg(f) 



deg(st ) deg(st ) 
This finishes the tree case. 

^ ^ Q 

Suppose now that F is a loop and that -^fcut ~ g-i,n+2^J^^ m+, m_). Following the analogous 
steps to the case of the tree, we obtain the counterpart of Equation 

/= deg(f)deg(pro?)^J^!^A,_l,„+2(^te,7^G(e^[„+]),7rG(e^[™„^ (47) 

^l[m±\ 

Proceeding further, the counterpart of Equation H46|) is 

^t[rn±] 

The rest of the proof is essentially the same as in the case of the tree. □ 
5.2 From I#g^„(=^G) to Z^g^n 

Definition 5.7. Let {jr,r], Ag^n, 1) be a G-CohFT. Define Ag,„ := st*Ag,„ in H*{ZWg,n) ® J^*'^''. 
Theorem 5.8. If (^, r/, A,,,^, 1) is a G-CohFT, then (^, r/, Ag,„, 1) forms a CohFT. 
Proof. We begin by observing that 

-^-^i*sU = ^-rysl'J*, (49) 
deg st deg st 

since the lower right square is not Cartesian, due to ramification over 
Next, we observe that 

Ai*stl = pr*/i*, (50) 
since the lower left square is Cartesian by definition. 
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Therefore, for all Vm in 

Qr^gA'^rn) = £'fst*Ag,n('ym) 

* / deg(st) ^i^A x . X 
\deg(st) J 

deg(st) - 

deg(st ) 

deg(st) -// ^^-^.-r- . . 
deg(st ) 

deg(st ) ydeg(st ^ 
deg(st) ^//^ 



cut 



deg(st ) 

where Equations ((57|) and (fHUI) have been used in the sixth equality. 

Assume that F is a tree. Adopting the notation from the proof of Theorem 15.51 we obtain 

QlKgAvm) = -^^^ Yl stl'(A+(e;3[M+])^'^[^+l^[^-lA_(e^[^_])) 

E A^(e.[M,])^^[--l^[--lA_(e,[^_]), 

where A± := strn±*A±- This can be rewritten as 

deg(s't")^fAg,„(z;j^) = degCsl) ^ A+(e^[^^])^/3[™+]/3[™_]^_(g^^__^)_ (5^) 

/3[m+],/3[m_] 

Following |,)K()2j . let 

f)g,„(m) := deg(rt) (52) 

for all m in G" . We have 

deg(st") = r^g+,„++i(mAr_^,m+)Og_,„_+i(m_,mAr_), 

and Equation H51() becomes, after multiplying both sides by |C(rn-|_)|, using the definition of rj, and 
summing over all conjugacy classes fn± such that m_ = m'^^, 

^ |C(m+)|0,^ ,n++l("T-Af+,'"^+)^^g_,n_+l("T'-,"2-Af_)£'rAg,n(l'TiT) = 
m± -.rn— =rn'^ ^ 

J7,,„(m) Yl E A+(e^[^^])r?^[^+]^[^-lA„(e;3[m_]). 

But Lemma 3.5(1) from |.TKn2j states that 

|C'(m+)|r^g_^,„^+i(mAr^,m+)Qg_,„_+i(m_,miv_) = Og,„(m). 



m±:m—=m,^ 



Therefore, by canceling Og^„(m) from both sides, we obtain the desired result. 
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In the case of the loop, we have 
* ■ 

deg(st) ^ _ ^ ^ 



~ 1 X] ^g-l,n+2{vm,ef3[rn+],ef3[rn^])rj'' 

Multiplying both sides by deg(st ')|C(m_|_)|, plugging in deg(st ') = r2g_i^„+2(rn, m+, m_), deg(st) 
ilg^ni^), and then summing over all conjugacy classes m± such that m_ = fn^^, we obtain 

|C(m+)|l^g_i,„+2(m,m4.,m_)£irAg,„(vm) = 

m± :m_ =m^ 

m±:m_=m~^ /3[m+],/3[fra_] 

Since Lemma 3.5(2) from |JK02j states that 

^ |C'(m+)|0g_i^„+2(m,m+,m_) = rig_„(m), 

we may cancel ilg^„(rn) from both sides to obtain the desired result. 
This completes the proof of the factorization axiom of the CohFT. 
The invariance under the symmetric group is manifest. 

The flat identity axiom follows from considering the following commuting diagram: 

Q X Q 

'^g,n+l(m,l) ► ^ ^„(m) 



- g,n~ 



sti 



-i(^G;m,l) 



sti 



St 



St 



' g,n+l 



g,n 



The horizontal morphisms are forgetting-tails morphisms and are both flat and proper. The vertical 
morphisms are forgetful morphisms and are all quasi- finite, flat, and proper. 
By Lemma l5. II We have 

St*i^g,n+l{Vm, 1) = ^g,n+l{Vm, 1) 

= T*St*Ag^nivm) 
= Stif*Ag,„(vjn) 

By the uniqueness of the classes A (again, see Lemma l5.1j) we conclude that 

T*Ag^ri{vm) = Ag,n+l(^'m, !)• (53) 

On the other hand, while the bottom square of this diagram is not Cartesian, it is almost so — the 
stack ^g^„_|_i(,^G; m, 1) is the universal orbicurve over =^^^^^(=^^5 m), and. it is bircitioiial to its 
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coarse moduli space, the universal curve over m). Thus, we have 

r*Ag^n{vm) = T*st^Ag^n{vm) = sti*f*Ag_„(uin) = sti*Ag,„+i(i;Tn, 1) = Ag^n+i{vm, !)• 
The last property that must be verified is 

??('ym+ , -ym. ) = Ao,3( ) (54) 

for all Vrn± in where we have identified ff*(^o,3) with the ground ring C. Since this identity 
holds trivially if m_ 7^ , let us assume that m_ = fn'^^ . 

We have the morphisms 



and we let stg := st o st^. Since t] is defined by 



we have 



l)st^*Ao,3( 

JK(m+,m_,l)I 



Ao,3('ym+,'ym_, 1) = St*Ao,3(Vm+,'ym:_, 1) 

- ~ ~* 1 
= St*(st£*Stt-; ^)Ao,3(tfe+,'ym_, 1) 

deg st^ 

= St^Stg^Ao,3(^m+,'^-, 1) 

deg stg 
1 



St5*Ao,3('%T+,'ym_, 1) 



deg stg 
deg stg 



but 



deg(st5) = |m+||(:7(m+)| = \G\, 

since a generic point of ^o^3(^G;rn+,fn^,l) has automorphism group isomorphic to C(m+). 
Therefore, Equation (|54() is satisfied. □ 

Remark 5.9. The CohFT (J^, r/, {Ap^„}, 1) constructed above has more structure than a generic 
CohFT, as it is G-graded; that is, {Jif,r]) is a G-graded vector space with metric, and for all v^n in 
J^m, the class Ag^nivm) vanishes unless there exist representatives in mj for alH = 1, . . . , n such 
that nr=i "^i belongs to the subgroup [G,G]^. This is follows from the fact that ^ g^n{^G;m) is 
empty unless this holonomy condition holds. 

Proposition 5.10. Let ( JT, r/, {Ag,„}, 1) be a G-CohFT. For all nonzero A in C, [J^, X-'^rj, {X'^a-'^^^^^ 
is a G-CohFT. 

The proof is immediate from the definition. 

Remark 5.11. One can eliminate the annoying factor of in the definition of 77 by choosing A such 
that A^ = yiy. In this case, the associated "quotient" by G of the G-CohFT (Jf, \G\7],{\G\^"9 Ag.^}, 1) 
is the CohFT (jF, \G\ri, {|G|^-f Ag,„}, 1), but |G|7? is equal to the restriction of t] to 
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5.3 Coinvariants of G-Frobenius algebras 



Let {{J^ , p), -,1,7]) be a G-Frobenius algebra. We now have two ways to endow its space of 
coinvariants with the structure of a Frobenius algebra. The first is purely algebraic. The tuple 
{J^, •, 1,"?/) is a Frobenius algebra where the multiplication on is inherited by restriction from 
the multiplication on and the metric r] is the restriction of the metric on J^. 

The second is to apply the geometric procedure described in the previous subsection to Jf, 
regarded as a G-CohFT, to induce the structure of a Frobenius algebra on J^. It turns out that 
these two Frobenius structures are identical after a rescaling. 

In order to simplify the proof, we note that the structure of the G- Frobenius algebra {{J^, p), •, 1, ry) 
can also be described as the tuple {{J^f , p), fi, 1), where p, belongs to J^*^^ and is defined by 

), (55) 

since it follows that rj{vmi,Vm2) = fl{'^miiVm2 " !)• If denotes the restriction of p to ,3^, then the 
data {J^i /U, 1) is an equivalent description of the Frobenius algebra structure on induced by 
restriction. 

Proposition 5.12. Let ((^, p),p, 1) be a G-Frohenius algebra arising from a G-CohFT (Jf , r/, {Ag^n}, !)■ 
The Frobenius algebra structure on arising from the CohFT {J^, rj, {Ag^n}, 1) is (J^, p, 1), where 

and p is the restriction of p to Jif. 

Remark 5.13. The Frobenius algebra {J^,p,l) can also be described as the tuple (J^,-,?7, 1), 
where the multiplication • on is inherited from the multiplication on J^, but where r] is the 
restriction of j^rj to J^f. 

Proof, (of Proposition I5.12|l 

Since Jlivm) = Ao,3(fm)) after identifying i?'(^o,3) with C, we need only prove that 

Ao,3(Vm) = i^^(fm) 

for all Vm in <^m- In order to proceed, let us introduce some notation. 

For all m := (mi, 7712,7713) belonging to such that m,im,2?773 = 1, we have the following 
forgetful morphisms 

Q ^ ^ 

^o,3(m) " ^o,3(=^G;m) ► ^0,3, 

and we let st := st o st. 

Furthermore, if Q is a substack of ^Q^{Tn) then we let stg denote the restriction of st to Q. 

Let 

m'ex(m) 

where 

x(m) := {(?7i']^, r?72, 7773) € rn| 777']^ 7772 7713 = 1}. 
Henceforth, fix an element m in x{^) once and for all. 

Let us adopt the notation that for any Vm in J^m^ and for any m' G m, the vector Vm' denotes 
the m'-graded component of vm] that is, 

vm=- ^ Vm'- 
m'6m 
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Note that v^' belongs to the subspace of C(m')-invariant vectors in J^', where C{m') := C{m'i) x 
For all m' in x(in), we have 

^(^m) = A ! TSt^(m')*V3(^^m)- 

deg(st5(m,)) > 
Otherwise, = 0. Since Ji is the restriction of jj, to M', 

deg stg(n,/)) 

-st5*Ao,3(^^m), 



deg(st^(m)) 

where the second equality comes from the fact that the degree of st restricted to any connected 

Q 

component of ^^^{m) is independent of the choice of connected component. This statement follows 

from the fact that every connected component of ^Q^{ra) is p(7)^(m) for some 7 in G^, but ^(7) 
is an isomorphism. 
However, we have 

Stg*Ao,3('ym) = ^ St^(m')*^0,3(^^m') 
m'ex(m) 

= lx(m)|st^(in)*Ao,3(^^m) 

= |G|r2o,3(m)st^(m)*Ao,3(t^m), 

where the second equality follows from the observation that every connected component of ^ can be 
obtained by the action of some element of , and the fact that vja and Aq^s are G^-invariant. The 
third equality is from Proposition 3.4 of |JK02j . where r2o,3 is defined in Equation ()52p. Therefore, 
we obtain 

K^m) = -. — T- rst5(m)*Ao,3(fm)- (56) 

deg(st^(m)) 

On the other hand, the definition of Ao,3 implies that 



hence 



Ao,3(t^) = — ^7^St*Ao,3(Vm), 

deg(st) 

Ao,3(l'm) = St*Ao,3(?^m) 

1 , / N 

= -; — 7-^St*St*Ao,3(^^m), 

deg(st) 

and we obtain 

Ao,3(Vm) = , ^,~ sU^o,3(.Vrn)- (57) 

deg(st) 

Q 

Using the fact that deg(stQ) is independent of the choice of connected component Q of ^Q^^(in), 
we can write 

deg(st) = ^(m) deg(st^(m)), (58) 

Q 

where A{rn) is the number of connected components of ^^^{m). Similarly, let /(m) consist of 
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all elements 7 in such that the collection {p{'-f)S,{in)} is in one-to-one correspondence with the 

Q 

connected components of ^(j^{in), then 

St*Ao,3(tto) = ^ Stp(^)g(jn)*Ao,3(^^p(T')m) 

■yei{m) 

= X] St5(m)*P(7~"^)*Ao,3( 
•7G/{m) 

= St^(m)*/'(7)*Ao,3(Wp(-^)m) 

■yei{m) 

= St^(m)*Ao,3(p(7"^)^^p(-7)m) 

■yei{m) 

= Y st5(m)*Ao,3(l'm) 
•7e/{m) 

= ^(m)stg(m)*Ao,3(^m), (59) 

Q 

where the first equality is the sum over contributions from each connected components of 3(m), 
and the second is from the fact that, for all 7 in we have 

Stg(m) = Stp(^)5(m) o p(7). (60) 

The fourth equality is from the G^-invariance of Ao,3 and the fifth is from the G^-invariance of Vm- 
Putting together Equations (|57)) , , and (fS^ , we obtain 

Ao,3(^^) = -; -St5(m)*Ao,3(^^m) 

deg(st5(m)) 
f^o,3(m) \ r \ 

rSt5(m)*^'-0,3l'ymj, 



smce 



However, 



deg(st5(in)) 

deg(stg(in)) = deg(st5(m))deg(st) = deg(st^(ni))f^o,3(m) 



St*Ao,3(l'm) = Y Stg(m/)*Ao,3(^^m') 
m'ex(iS) 

= lx(m)|stg(m)*Ao,3(^^m) 

= |G|fio,3(m)st^(ni)^Ao,3(fm)- 

Putting this all together, we obtain the desired result 

-J- J7o 3 (iH) 1 

= deg(st,(^))|G|Oo,3(m)^*^*^°'^(^-) 



□ 



The results of this section can be applied to the example of the group ring G-CohFT and its 
associated G-Frobenius algebra to yield the (stringy) orbifold cohomology of a point with trivial 
G- action. 

Proposition 5.14. The Frobenius algebra Jif induced from the G-Frobenius algebra = C[G] 
is the Frobenius algebra Z{C[G]), the center of the group ring, with its induced multiplication, 
identity, and the metric rj. 
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The resulting Frobenius algebra is isomorphic to the orbifold (stringy) quantum cohomology of 
^G, the classifying stack of G. 

We refer the reader to |JK02j where the calculation is worked through in detail. 
5.4 The quotient stack 

The process of obtaining a CohFT from a G-CohFT involved the stack ^ g n{^G). How- 
ever, there is another stack that one could have used instead, namely, the quotient stack := 

Q Q 

and its substacks ^^^^^(m) := „(m)/G"]. We will show that one can construct a 

CohFT by replacing Z^g^n{SSG) by ^g,„(m) := [I#^„(m)/G"], but that the resulting CohFT is 
isomorphic to the original one. 

We have the following sequence of forgetful morphisms 

^^„(m) ^g,n(m) ^g^n{^G;m) ^g,n, (61) 

where st := st o st'. The stack JS is a smooth, Deligne-Mumford stack, and all of these morphisms 
are proper and flat. Observe that while the morphism st induces an isomorphism at the level of the 
corresponding coarse moduli spaces, they are not isomorphic as stacks, since an object in „(m) 
has a larger automorphism group than the corresponding object in ^g^n{^G;in). 

Definition 5.15. Let ((^, p), r?, {Ac,_„}, 1) be a G-CohFT. Define the elements Ag^„ in ^j^eG" 
H'i^g^nini)) 0^*^ via 

Ag,n(^te) := st*Ag^n{vm) (62) 
for all Via in J^m and m in G". Define A^^„ in H*{^g^n) ® =^75- via 



-/ 



Ag,„(vTn) := (st o st)^Ag^n{vm)- 
Let 



for all in ,J^m± ■ 



Proposition 5.16. Let ((=^,p),r/,{Ag,„}, 1) beaG-CohFT. 

i) We have the identity 

Ag,„(Vm) = st Ag^nivm)- 

ii) We also have 

^g,n{vin) ■= ( H ^ J A<;,n(Vm), 



',1=1 



mi 



where kjn is the order of the cyclic subgroup generated by any representative of m in G. 

iii) (^, r/', {A^_„}, 1) is a CohFT. 

iv) The linear map (p : Jif >- J^, where 

(pivm) ■= krnVm 

for all Vrn in J^m a,nd m in G, is an isomorphism between the CohFTs {J^,r], {Ag_„.}, 1) and 
CW,rj',{A'gJ,l). 
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Proof. Since st Ag^nivm) = st Ag^n{vm) = st st Ag^n{vm), we obtain 

Ag,n{vm) = St'*Ag,„(Um). 

For the second part, apply st^= to both sides of equation and use the fact that 



deg(st) = n-;l 



h— 
■ , ""mi 
1=1 ' 



to get 



Thus, 



However, 



Si^kg^n{vm) = ( W I Ag,n(fm). 



, ■ -. ""rrti 



\i=l 



\i=l 
' n 



This estabhshes the second part of the proposition. 

Clearly, (j)*h!g^^ = Ag^„, 0*r/' = r/, and (/>(!) = 1. Since ry, {A^^^}, 1) is a CohFT, so is 
(J^, rj', {Ag „}, 1), and is an isomorphism. □ 

Remark 5.17. A similar rescaling was observed in |AGV02j . and the previous proposition could be 
regarded as its origin in the framework of G-CohFTs. 

6. G-stable maps 



In this section we briefly describe the main source of examples of G-CohFTs; namely, Gromov- 
Witten style classes on the moduli space of G-stable maps. 

Definition 6.1. A genus g, n-pointed G-stable map over a base T into a global quotient [X/G] 

is a G-equivariant morphism / : E >- X from an admissible G-cover vr : E >- G of a genus 

g prestable curve C/T with n sections pi : T E such that the induced morphism of stacks 

/ : [E/G] " [X/G] with marked points pt := Tropij is an n-pointed orbifold (a.k.a. twisted) stable 

map of genus g (as defined in jCRnni EIT7n2j 1 . 

Q 

We denote the stack of genus g, n-pointed G-stable maps by ^^ ^^(X), and if /? € H2{X/G,Z), 

Q 

then we denote the substack of maps whose image lies in the homology class /3 by ^g /?). 
Theorem 6.2. If the quotient [X/G] admits a projective coarse moduli space X/G, then the stack 

Q 

^g „^{X, (3) is a proper Dehgne-Mumford stack, which itself admits a projective coarse moduli space. 

The proof follows from the results of |AGV02j in essentially the same way that Theorem 12.41 
follows from the results of |ACV03j . 
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Q Q 

There is a natural forgetful morphism st(^x,i3) ■ g,n{^^ " g,n obtained by forgetting 

the morphism / and contracting components in a manner similar to that described in the definition 
of the forgetting tails morphism of Section |2l There are also natural evaluation morphisms evi from 

Q 

^ g^^{X, (3) to the inertia variety of X, 

X := {{x,g)\x GX, ge stab(x)} = ]J X» C X x G, 

with evi{{f : E >- X,pi)) = {f{pi),mi), where nii is the monodromy of E around pi and X^ is 

the fixed point locus in X of the subgroup (g) C G. These are compatible in the sense that the 
following diagram commutes 

St(X,/3) Pl'2 
^g,n ^ G 

where the map pr2 is the projection onto the second factor and the lower map evi is the ith 
component of the map e of Definition 12.31 

Definition 6.3. We denote by ^g.^{X,f3,m) the component st(x,/3)~^('^g,n(™)) ^^^^ maps to 
m G G" via e o st(x,/3)- 

Definition 6.4. Let := H^*{X;e) = ®ra&G-^i^)^^ where := H'^' {X"" ; Q) , 

and is the usual ring (see |Ma99j ) associated to X with generators {q^} over C, satisfying 
qP+P' = qPqP'. 

Remark 6.5. Of course, one could allow odd-dimensional cohomology classes as well, after inserting 
the necessary signs for skew-symmetry, but for simplicity we will work only with even-dimensional 
classes. 



In a subsequent paper |IPj , we will describe the details of how the classes 

n 

A^:^{v,, ...,v^) := 5]st(x,^)^(ne<(^.) n [:^ljX)r)q^ 

13 i=l 

G X 

form a G-CohFT, and how the CohFT of coinvariants of {A^^^ } agrees with the orbifold Gromov- 
Witten classes of Chen-Ruan |('R02j . 

In the remainder of this section we will briefly treat two special cases. In Subsection 16.11 we 
describe the case of /? = 0, and show that it gives the ring H*{X, G) of Fantechi and Gottsche — and 
therefore the stringy orbifold cohomology of Chen and Ruan — as special cases. In Subsection 16.21 
we describe the G-CohFT {A^^^ } for all f3 in the case that G acts trivially on X. 

6.1 The degree zero case, the Fantechi-Gottsche ring, and Chen-Ruan orbifold coho- 
mology 



We will now study the case of degree-zero G-stable maps in more detail. We will explicitly prove 
that the degree-zero G-stable maps endow Jif{X) with the structure of a G-Frobenius algebra, the 
genus-zero part of which agrees with the ring H* (X, G) in |FG03j . 
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Throughout this section, we will use the ground ring C instead of Q in the definition of J^{X), 
since we are restricting to degree-zero maps. We will also assume that X is a smooth variety with 
projective coarse moduli space, unless otherwise stated. 

^ Q Q 

Definition 6.6. Let stx : -^3,n(^) 0' ^ g.rSj^ denote the morphism st(x,/3=o)- We define 

e(X,0,m) :=sV(C(m)). 

Similarly, if m, a, 6 G G are chosen such that m G [a, 6], we let 

Ci,i(X,0, {m,a,b)) := stx^{^i,i{m,a,b)). 

We also define X^™^ to be the locus in X of points fixed by the subgroup (m) ^ G generated 
by all of the elements mi, . . . , m„ in m. 

Since the marked points pi in the universal G-cover (o over ^(m) all lie in the same connected 
component of S", it is straightforward to see that any G-stable map / into X of degree that maps 
by stx to C(m) is determined only by the underlying G-cover (the point stx{[E ^ C] £ and 
by the point f{pi) = • • • = f{pn)- Moreover, the point f{pi) must have a stabilizer that includes 
the monodromy element mj, so the following proposition is now easy to see. 

Q 

Lemma 6.7. The suhstack ^,{X, 0, m) of ^q-^{X, 0, m) is canonically isomorphic to the product 

^(X,0,m) =e(m) xX<-\ 
and the substack 0, (m, a, b)) is canonically isomorphic to the product 

ei,i(X,0, (m,a,6)) =ei,i(m,a,6) xX<"''^'^>. 

Proof. For an object in Z^^^{X, 0, m), the isomorphism is given by the morphism {E — ^ X^™-^; 
pi,...,Pn) I— > {E]pi, . . . ,pn) X f{pi), where E is the G-cover (we have suppressed the under- 
lying curve C since it is determined by E), and its inverse is given by {E;pi, . . . ,pn) x q ^ 

{E . . . ,Pn), where if E' is the connected component of E containing the marked 

points pi, . . . ,pn, then f{E') := q and /(/^(t)^') := p{l)f{p) for all 7 in G and p' in E' . The maps 
for ^1^1 (X, 0, (m, a, b)) are similar. □ 

6.1.1 The minimal cover ^'(m) 

Definition 6.8. Let G be a finite group and fix m in G" such that Y\i=i = 1' ^^d let G' := (m) 
denote the subgroup of G generated by the components of m. Let C'(m) denote the connected 
component of 3(111) which is defined in the same way as C(m) but with the group G replaced 
by G'. 

Lemma 6.9. Let G be a finite group m G G^ witii n?=i — 1> ^^"^ ^' — i^)- Consider the mor- 
phism I : ^ (m) >- ^' (m) taking the object {E >- G;pi, . . . ,pn) to the object (£" >- C;pi, . . . ,pn), 

where E' is the connected component of E which contains pi for all i = 1, . . . ,n. The morphism I 
is an isomorphism. 

Proof. Since E' is a G'-cover (see Appendix of |FG03j ) . I is a morphism. 

The inverse morphism takes {E' G;p[, . . . ,p'n) to {E >- G;pi, . . . ,Pn), where E = 

E' Xg' G and G' acts on E from the right in the usual way, G' acts on G by left multiplication, and 
Pi ■= K' 1] alH = 1, . . . , n. □ 
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Consider the following commutative diagram 

X 




X X' 



(63) 



^'(m) X X^™) 



where / and / are the isomorphisms induced by /, and are the universal curves, and 
the universal G' and G covers, respectively, and /, /' are the universal stable maps. 



are 



Proposition 6.10. rRTr^{f*TX) is canonically isomorphic to Rt:'^ {f'*{TX)) in the K-theory 
of ^'(m) X X^™^, where Rtt^ denotes the G-invariant derived push- forward, and Rtt'^' denotes the 
G' -invariant derived push-forward. 

Proof. The fiber of rR^^'{f*TX) over f (m) x q for all q in X^") is H'iS" x g, where the sheaf 
=^ over ^ X q is f*{TX). Since S'' is the connected component of (f containing pi for alH = 1, . . . , n 
we have ,'^\pxq = TqX for all p in . Henceforth, let us regard ^ as a bundle over S" to avoid 
notational clutter. 

Observe that =^ is a G-equivariant trivial bundle on S". Denote the restriction of 3^ to S" by 
and observe that it is a G'-equivariant bundle. We will now construct a bundle from on S" 
which is isomorphic as a G-cquivariant bundle to ,5^ on (f as follows. 

Consider the bundle (g) on S" x G. Wc observe that (f is a right G'-spacc and G is a left 
G-space by left multiplication. Similarly, there is a right G' action on and a left G'-action on 
^G- Therefore, ^' (g) ^g over (f" x G is a G'-equivariant bundle with respect to the diagonal G' 
action. Quotienting by G' and using the identification of with C[G], we obtain 'S>c[G'] C[G] 
over S'' Xg' G, which is a G-equivariant bundle, where an element 7 in G acts upon an element of the 
base as [e', 7] 1-^ [e', 77], and similarly in the bundle. We now have the isomorphism of G-equivariant 
vector bundles 

^' ®c[G'i C[G] ^ 



xg' G 
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where A([t;',7]) := p{'y)v' , and A([e',7]) := p{'y)v', and where pi^j) indicates the right G action. 
Therefore, 

H'{<^, ^) = H'{S' Xg' G, ^' ®c[G'] ^g) 
= H'{S' X G, ST' ®C[G]f' 
= {H'{S',^')®H'{G,&G)f 
= {H'{^',^')^C[G]f' 

Taking G-invariants, we have 

H'{s, srf = {H'{^', sr') ®c[G'] ^{G\f = H*{s\ sr'f. 

The latter is precisely the fiber of Rl^.^' { f *{TX)) over ^'(m) x g. □ 

Proposition 6.11. Wiien/3 = 0, the sheaf R^^f{f*TX) is locally free on ^{m)xX^"''> = ^{X,0,m) 
and the virtual fundamental class of ^{X, 0, m) is simply the top Chern class ctop{R^TT^{f*TX)). 

Q 

Proof. This follows immediately from the construction of as a fibered product of sections 

over ^ g^ni[X/G]), the stack of orbifold stable maps to [X/G], and the fact that the proposition 
holds there (see e.g., ,AGV02, 1. □ 

Definition 6.12. Let c(m) := ctopiR^^?if*TX)) and c'(m) := ctop{R^^'y if'*TX)), where Ctop 
denotes the top Chern class. 

Corollary 6.13. For all m in G^ such that HLi = 1' ^^^^ 

rc(m) = c'(m). (64) 

We now prove that the 3-point correlator responsible for the multiplication in the G-Frobenius 
algebra can be identified by the isomorphism in Lemma 16.71 

Proposition 6.14. For all m in G^ such that n^=i mi = I and arm H*{X"^i), let A^'3(am) in 
H'{^'{m)) and A^Q^{am) in H'{^'{m)) be given by 



A^^3(am) := Pr5'*(n(^^m« ^ ^'(™)) 



i=l 

and 

3 

Ao,3(«m) := Pr5*((n(^^m« U c{m)). 

i=l 

We have 

-f*A^ 3(0^) = A^_3(am), 

where evmi '■ S,{V, 0, m) X™* and ev'„^. : ^'(m) x are the evaluation morphisms, 

and pr^/ : ^'(m) x X^"^^ >- ^'(m) and pr^ : ^(m) x X^"^^ >- .^(m) are the projections, which 

can be identified with the morphism forgetting the G-stable maps. 
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Proof. 



3 



rA^^iarr,) = rpr5*((JJ(e<^a™J) U c(m)) 

i=l 
3 

= I*^P^^*i([liev^,amJ) U c(m)) 
1=1 

3 

= ((/-I o pr5)*((n(e^'™,«mj) U c(m)) 
1=1 

3 

= (pi-g' ° l~^)*i([liev^,0!„,^)) U c(m)) 

3 

= P^^'J*i([liev^,<^mJ) U c(m)) 
1=1 

3 

i=l 
3 

= P'^i'AilliieVm, ° U rc(m)) 



1=1 

3 



= 3(am), 

where we have used Equation ()64() in the penultimate equahty. □ 

Corollary 6.15. For all m in such that 11^=1 = 1; and for in Jf{X)m, = H'{X"^'), 
we have 



JU(m)} JU'(ni)i 



'K(m)l ^K'(m): 

where fi is defined as in Equation i)55|) . 

/X completely determines the multiplication and metric. We will now prove that it yields a G- 
Probenius algebra. 

6.1.2 The genus-zero part of the G-Frobenius algebra 

For this subsection, we can assume, without loss of generality, that G' = G in light of the results 
of the previous section. 

Definition 6.16. Since the virtual fundamental class c(m) belongs to ii'*(^(m)xX^™^) = i7*(^(m 
define c(m) in to be the unique class such that 

c(m) = (g) c(m), 

where l5(m) is the unit in iJ*(^(m)). 

We will now write /i(um) as an integral over X^^K 
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Proposition 6.17. For all Vm in J^iX)^ where H^i = 1; '^e have 

/^(^^m) = / (TJi^ Uc(m), (65) 

where jm^ : X^"^'^ — - X"^^ is the inclusion and [X^™-'^] is the fundamental class of the variety X^™-K 
In particular, when nii = 1 for all i = 1,2, 3, then c(l, 1, 1) = 1, the unit in H'{X). The restriction 
of the multiplication and metric to the untwisted sector J^{X)i agree with the usual cup product 
and metric from H*{X). Furthermore, {J^{X),'p, 1) is isomorphic as a G-graded Frobenius algebra 
to the Chen-Ruan orbifold cohomology of [X/G] . 

Proof. The first statement is a straiglitforward calculation. The second follows from the observation 
that the appropriate obstruction bundle vanishes when mi = m2 = = 1. The third follows from 
the following remark and Section 2 of |FG03j . □ 

Remark 6.18. The vector bundle R^7r^{f*TX) ► ^(m) x X^"^'^ is not the pullback of a vector 

bundle via the projection ^(m) x X^"^^ X^™-'^ because the the automorphism group of a G- 

cover (which is isomorphic to H{m)) in .^(m) acts non- trivially on R^^f{f*TX) ► ^(m) as the 

action of the automorphism group commutes with the action of G. Nevertheless, one can interpret 

the bundle R^TTf{f*TX) ^(m) x X^""^ as an iJ(m)-equivariant vector bundle R^Ti'^{f*TX) 

► X^'"). This bundle can be identified with the bundle F{mi,m2) X^™'* introduced in 

|l''G03j . Therefore, their cohomology class c(mi, 771,2) can be identified with c(m), which is a class 
on X^™^ , so Equation (jHSJ is consistent with their multiplication. 

They also prove that the vector bundle F{mi,m2) restricted to a connected component U of 
X^"^^ has rank a(mi, U) + a{m2, U) — a{mim2, U) — codimiU C X™'!"^^). To explain this notation, 
let X have dimension D, q belong to X, and m belong to the isotropy subgroup of G at q. Denote the 
set of eigenvalues of the action of m on TgX by {exp(— 27riri), . . . , exp(— 27rzr£))} for all j = 1, . . . , D 
where rj belongs to the interval [0, 1). The age of m in q, a{m,q), is defined to be X]j=i '^j- Since 
a{m, q) depends only upon the connected component containing q, a{m, U) is defined to be a{m, q) 
for any q m.U . 

Proposition 6.19. The triple {M'{X), ^,1) satisfies all of the axioms of a G-Frobenius algebra 
except, perhaps, for the trace axiom. Our multiplication, metric, and identity agrees with that \FG03fl 
on the ring H*{X, G). Furthermore, 7] on M'{X) has nonzero homogeneous components J^{X)m_^ ® 

J^{X)m^ C only ifm+m- = I, in which case J^{X)m+ = J^{X)m_ = H'{X'"'+ and rj 

agrees with the usual Poincare pairing. 

Proof. This result follows from the previous remark and jF(Tn3j . □ 

Remark 6.20. Proposition 15.121 explains the origin of the factor of in the definition of fj from 
the viewpoint of intersection theory. This factor may be removed, if desired, as per Remark 15.111 

6.1.3 The trace axiom 

We will now prove that the trace axiom, which is a genus-one condition, holds for (J^(X), /i, 1) = 
H-{X,G). 

Proposition 6.21. The Trace Axiom (Definitional^ ^x^) holds for the triple (Jf (X),/i, 1). 
Proof. The proof of the trace axiom in Theorem 14.161 shows that it suffices for us to check that the 



cutting loops propertv l4.11 v(a) ) holds in the special cases of Qa ■ (,{mi, bah ^ ,a ^1,1 (mi, o, b) 



and Qh '. ^{mi,b,ab ^) ^i_i(mi,a, 5) for the virtual class. We may assume that G 
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{m,a,b), and wc denote by m' the triple {m,bab ^). Let H denote the subgroup (m'), so 
that ^(X, 0, m') = ^(m') x and 0, (m, a, b)) = ^i,i(m, a, b) x X*^. It suffices to check that 

(and the same for Qb), where Ca runs over a basis of the Chow ring A*(X^) and ep runs over a basis 
for A* (X" ^ ) , and where the morphisms are those of the following diagram. 

X 



W 




(66) 



E X x^"^'"'^^ 



TT 



TT 



Here / and /' arc the Tinivcrsal stable maps from the universal admissible covers S'xX'^ and E'xX^, 

respectively. The map j is the obvious inclusion j : .^(m') x X'^ ^(m') x X^, and the spaces 

E X X^ and E' x X^ are, respectively, the restrictions of the universal admissible covers S" x X*^ 
and E' x X^ to ^(m') x X*^. Finally, is the composition of 02{b) with the normalization taking 
the "unglucd" admissible cover E' x X^ of the three-pointed sphere to the ("glued") admissible 
cover E x X^ of a nodal genus-one curve. 

Since Qa is the composition of a regular embedding and a flat morphism, and j is a regular 
embedding, we have 

j*ctop{R'w?f'*TX) = ctopiRH^ ° 4>)?]*f'*TX) 
= ctop{R'^f(l).~ff'*TX), 

and 

{Qa X irCtop{R\?rTX) = CtopiR^nfrafTX) 

= ctopiR^^?4>*ff*TX). 
We have an obvious short exact sequence on x X^"*'"'^): 

^ g:rTx ^ ct>:frTx ^ rTx)/ie*arTx) ^ o (6?) 

Since ^ is the normalization of the nodal curve E, obtained by translating a point with mon- 
odromy bab~^ by b and then gluing to a point with monodromy a~^, it follows that the quotient 
{4'*j* f'*TX) / {g*f*TX) is only supported on the nodal locus, and that the pushforward 



^? rTx)/{rj*Tx)) 



is equal (in K-theory) to 



T{X' 



bah 



X X" )/TX"'\xG ^ TX"|^G. 
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By the long exact cohomology sequence associated to this short exact sequence, we get the 
K-theoretic equahty 

R^nfelfTX = R'n^(l)J*rTX {{^^f f^TX) / {oirTX)) Q ^^cp^f^TX ® nfQ*J*TX 

(68) 

= R'nfc^,j*f'*TX © TX'^lxG Q ^fcP^ff'^TX © ^fglfTX (69) 

Furthermore, since H^{E,&e) is isomorphic to the trivial G-module C, and H^{E',&e') is 
isomorphic to the G-module C[-ff\G], we have 

^^g^afTX ^ TX^, (70) 

and 

^^(l),]*f'*TX^TX''\xG. (71) 

That is to say, 

R'^frafTX = R^l:^(l),~fr*TX © (72) 
where is the excess intersection bundle of the diagram 



e(m') X X^ e(m') X X" 



A 



(73) 



where the map q is the composition of the obvious inclusion followed by the second projection 

^(m') X X^ » ^(m') X X" » X", the map A is the composition of the diagonal followed by 

the action Q{b) in the first factor and inversion in the second: X*^ X"" x X" X^""^ x X"^ , 

and the map 5 is the product of the evaluation maps: 5 = ev2 x ev^. 
The excess intersection formula now gives that 

ctop{R'^?ZrTX) = ctop{R'^?(t>*j*f'*TX) U j*6* A,l, (74) 

and it is straightforward to see that this last term is the desired sum Cq 

Remark 6.22. Finally, we note that the G-Frobenius algebra {J^{X), fj,, 1) enjoys some functoriality 
properties, as Fantechi-Gottsche have showed that it pulls back along etale maps |iFG03t pg. 11]. 



6.1.4 Tensor products 

We now work out the tensor products of the equivariant CohFTs described above and show that 
they reduce to the obvious notions of tensor products for G-Frobenius algebras. 

Proposition 6.23. Let X' be a smooth, projective variety with a G' -action and let {{J^{X'), p'), /j,' , 1 
be the G'-Frobenius algebra associated to contributions from maps of degree zero where p! is defined 
by Equation if33)) . Let X" be a smooth, projective variety with a G" -action and let {{Jif{X"), p"), jj," , 1 
be its similarly associated G" -Frobenius algebra. 

i) Consider X' x X" with its G' x G" action. The associated G' x G" -Frobenius algebra {{J^{X' x 
X"),p),jj,, 1) is canonically isomorphic to the external tensor product of {{J^{X'), p'), p' , 1') 
and{{Jf{X"),p"),p",l"). 

ii) Suppose that G' = G" = G, and consider X' x X" with its diagonal G action. Its associated 
G-Frobenius algebra {{J^{X' x X"), p), p,l) is canonically isomorphic to the tensor product 
of{{^{X'),p'),p',V) and {{^{X"),p"),p",l"). 
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Proof. To prove the first part, we need to understand the behavior of the obstruction bundle when 
g = 0, n = 3, and /3 = 0. 

For ah m' in G'" and m" in G"", consider the substack ^'^ (m' x m") of ^o,3 i™-' ^ "^'Oj 
where we adopt the notation m' x m" from Proposition 14.61 Since ^o,3 is a point, ^'^'^'^"(m' x m") 
is canonically isomorphic to ^'^ (m')x^*^ (m"). Similarly, i^*^ ^'^ (X' xX", 0, m' xm") is canonically 
isomorphic to ^"^'(m') x X'^'"'^ x ^"^"(m") x X"^'""^. Thus, we have 

X' X X" X X'<-') X X X"<-") ^ ^'''(m') X X'<-') x e^"(m") x X"<-"\ 

where and are the universal curves, and /' and /" are universal evaluation morphisms. It is 
easy to see that there is a canonical isomorphism 

R'{^' X ''^"(/' X f"TiT{X' X X")) = R"iii^'U'*{TX'))®R'^'f'{f"*iTX")). 

By multiplicativity of the top Chern class, we obtain 

c(m' X m") = c'(m') ® c"(m"), (75) 

where c(m' x m") is the virtual fundamental class of ^"-^'^"^"(X' x X", 0, m' x m") = ^"^'(X', 0, m') x 
(X",0, m"), c'(m') is the virtual fundamental class of (X',0,m'), and c"(m") is the virtual 
fundamental class of (X", 0, m"). 

It is a straightforward exercise using Equation (|75|) and the identification J^(X' x X") = 
je{X') (g) je{X") to show that 

The trace axiom then follows immediately from the fact that trace of a tensor product is the product 
of the corresponding traces over each tensor factor. This finishes the proof of the first part of the 
proposition. 

The second part of the proposition follows from R,emark |4 . 1 1 1 and the first part of this proposition. 

□ 



6.2 Trivial G-actions 



In the special case that the action of G on X is trivial, the data of a G-stable map to X is 
the same as a stable map from the underlying curve G to X and the data of a pointed admissible 
G-cover, that is 

Q Q 

Moreover, since is smooth, it is evident that the virtual fundamental class on „(X) is 

simply the pullback of the virtual fundamental class of ^g^„(X) 

Q ^ 

and the evaluation map „(X) ► (X)" = (X x G)" is simply the product of the evaluation 

Q 

maps e : ^ ^ G*" and ev : ^g^„(X) ► X". 



Thus in this special case, we have 



A^'^ - st*A^ 



where {A^„} is the usual Gromov-Witten CohFT for X, and st : ^g^n " •^g,n is the forgetful 

map (st := st o st). 
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Since G acts trivially, we have 

^{x)^^ = H'ix'^^-e) ^ H'{x- e) 

for every rrii E G. So the state space ,j^{X) is just 

H\X-Q)®C[G\ 

and 

^^^niivi mi), ...,{vn® mn)) = st*A^„(z;i, . . . , w„) U e*(l), 

which is clearly just the external tensor product of with C[G]. Thus we have proved the 
following. 

Proposition 6.24. li X is a smooth, projective variety with a trivial G action, then its associated 
G-CohFT is isomorphic to the external tensor product of the CohFT of stable maps associated to 
X (regarded as an equivariant CohFT for the trivial group) with C[G], the group ring G-CohFT 
(see ExamDle \4.3]) . 

Remark 6.25. In the previous example, the induced CohFT on the space of G-coinvariants agrees 
with Proposition 3.7 in |JK02j . 
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